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Abstract 

This paper addresses the long-time behaviour of gradient flows of non 
convex functionals in Hilbert spaces. Exploiting the notion of generalized 
semiflows by J. M. BALL, we provide some sufficient conditions for the 
existence of a global attractor. The abstract results are applied to various 
classes of non convex evolution problems. In particular, we discuss the long- 
time behaviour of solutions of quasi-stationary phase field models and prove 
the existence of a global attractor. 

1. Introduction 

The aim of this paper is to address the long-time behaviour of strong 
solutions of the gradient flow equation 

u' + ds(f>{u) 3 a.e. in (0, +oo), u(0) = uq, (GF) 

associated with the (strong) limiting subdifferential ds(f> '■ — > 2'^ of a 
functional 

(j) : (— oo, +oo] proper and lower semicontinuous, (1) 

possibly non convex, defined on a separable Hilbert space with scalar 
product (•, •) and norm | • |. The strong limiting subdifferential of (j) is 
a suitably generalized gradient notion (see below) , related to the sequential 
strong closure in Jif x Jif of the graph of the Frechet subdifferential d<j) of 
(j). The latter is defined, letting D{(f)) :— {u £ Jf : (l){u) < +oo}, as 
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Existence and approximation results for (|GFp have been obtained in 
[29ll30] for the non- autonomous situation u' + ds(t>{u) 9 /, where / g 
L^Q^(0, +00; and an initial datum uq e -D(0) is given. The arguments of 
[30j are based on the theory of Minimizing Movements [Til 17] and of Curves 
of Maximal Slope [2l [T4l[T8ll24] . as well as on Young measures in Hilbert 
spaces. A remarkable result of [30] is that solutions of l|GFp fulfil the energy 
identity 



The main issue of this paper is to show that, under suitable assumptions, 
the set of solutions of (|GF[) admits a global attractor. Equation ([3]) entails 
that the functional <j) decreases along trajectories. Hence, we shall focus 
our attention on the metric phase space {X, dx) given by 

X :=£>((/)), dx{u,v) ■.^\u-v\ + \(f>{u)~(l){v)\ Vu,weX 

Indeed, we define this phase space in terms of the functional 0, which turns 
out to be a Lyapunov function for the system (see [28ll35] for some analogous 
choices) . 

Due to the possible non convexity of the functional 0, uniqueness for 
(|GFp may genuinely fail. Hence, \G¥\ does not generate a semigroup, and 
we cannot rely on the well-established theory of [S^ for the study of the 
long-term dynamics of the solutions. In recent years, several approaches 
have been developed in order to address the asymptotic behaviour of so- 
lutions of differential problems without uniqueness. Without any claim of 
completeness, we may refer the reader to, e.g., the results by Sell [33ll34j. 
Chepyzhov & ViSHiK [15], Melnik & Valero [26], to the survey by 
Caraballo, Mari'n-Rubio & Robinson [13], and to the work of J. M. 
Ball [51IS]. 

In particular, we will focus here on the theory of generalized semiflows 
proposed in [5]. A generalized semiflow is a family of functions on [0, -foo) 
taking values in the phase space and complying with suitable existence, sta- 
bility for time translation, concatenation, and upper semicontinuity axioms 
(see Section [2?2)) . Within this setting, it is possible to introduce a suitable 
notion of global attractor and to characterize the existence of such an at- 
tractor in terms of boundedness and compactness properties. 

The main results of this paper state that, under suitable assumptions, 
the solution set to (|GF[) is a generalized semiflow in the space {X,dx) 
(Theorem |6|), and that it possesses a global attractor (Theorem [7|) . The key 
point in our proofs involves passing to the limit in the energy identity ([3]) 
by means of compactness results for Young measures in Hilbert spaces. 

A large part of the paper is devoted to a discussion on the applications 
of the aforementioned abstract results to evolution problems with a gradient 
flow structure. First of all, we show the existence of a global attractor in 
the case of (j) being a suitable perturbation of a convex functional. In fact. 




VO < s < i < +00. 



(3) 
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our results apply to perturbations as well as to dominated concave 
perturbations of convex functionals (see Section |4] below). 

Secondly, we investigate the long-time behaviour of a class of solutions 
of the so-called quasi- stationary phase field system 

dti^ + x) - ^ 0, 

in f2 X (0, -l-oo), where /2 is a bounded domain and F' is the Gateaux 
derivative of a functional F, (possibly neither smooth nor convex). The 
model (jlj arises as a suitable generalization of the (formal) quasi-stationary 
asymptotics of the standard parabolic phase field model |22j, which de- 
scribes the phase transition in an ice-water system. In this connection, is 
the relative temperature of the system, while the order parameter x yields 
the local proportion of the liquid versus the solid phase. The usual choice 
for F is 

Pix)---l [ \Vx\'dx + y ix'^irdx. (5) 

The existence of solutions of some initial and boundary value problem 
for (jH) with as in ([5]) was firstly proved by Plotnikov &: Starovoitov 
in [57] . The latter paper addresses the case of homogeneous Dirichlet con- 
ditions on ■(? and homogeneous Neumann conditions on x i ^iid exploits a 
compactness method and a non standard unique continuation result. Let us 
mention that the latter technique heavily relies on the precise form of (O 
and cannot be easily extended to a more general situation. A second result 
in the direction of the existence of a solution of (IH)-® is due to Schatzle 
[32] . The argument devised in [32] for proving existence for (HI)-®, sup- 
plemented with homogeneous Neumann-Neumann boundary conditions on 
both "i? and x, exploits some spectral analysis results and the analyticity 
oi X ix^ ~ 1)^/4- Once again, this technique is especially tailored to 
the form of I® and cannot be reproduced for general functionals F. We 
may observe (see, e.g., [H]) that, indeed, ^ stems as the formal gradient 
entropy flow for the phase field system. The latter gradient flow approach 
to the problem of existence of solutions of ((4|) has been fully considered in 
detail by Rossi & Savare in [29]l30]. In particular, the existence results 
in [291130] provide a unified frame and extend the previous aforementioned 
contributions on existence results for quasi-stationary phase fields. 

The gradient flow structure of ^ is enlightened by introducing the 
variable u := -d + x- Following [3D], one can rigorously prove that along 
with the boundary conditions u — x — dnX = on dfi for instance, may 
be interpreted as the gradient flow equation in the Hilbert space H~^{n) 
of the functional cj) ■ H^^{Q) (— oo, +oo] defined by 

<P{u) inf (\j \u- X? dx + F{x)] , D{<P) := L^Q). (6) 
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Namely, in [30] it has been shown that the sohitions of (|GF|) . with the 
choice (|6]) for 0, provide a family of solutions of (j4]), supplemented with 
homogeneous Dirichlet-Neumann conditions. 

In Section [5?2l we show that the solutions of ([4]) arising from the gradient 
flow of the functional (f) ^ indeed form a generalized semiflow, which ad- 
mits a global attractor. Let us stress that this gradient flow approach does 
not provide the description of the long-term behaviour of the whole set of 
solutions of (HI), but is rather concerned with a proper subclass of solutions. 
Moreover, we present some result on the long-time behaviour of solutions 
in the weakly coercive case of Neumann-Neumann boundary conditions. 
The latter situation is more delicate, since (j4]) fails to have a gradient flow 
structure. However, the existence of solutions may be deduced by suitably 
approximating the system by means of more regular problems of gradient 
flow type. The latter approximation procedure has been in fact detailed in 
|30j and is here reconsidered from the point of view of the long-time dy- 
namics. In particular, in the weakly coercive case, the set of solutions of 111 
obtained as mentioned above fails to be a generalized semiflow. Neverthe- 
less, by slightly extending Ball's theory (see Section . in Section [5.2.21 
we prove the existence of a suitable notion of weak global attractor for the 
weakly coercive problem as well. Indeed, denoting by A\ for A G (0, 1) the 
family of global attractors for the approximate problems and by A the weak 
global attractor for the (weakly coercive) limit problem, we also prove in 
Section [5. 2. 31 the convergence of Ax to A, as the approximation parameter 
A J, 0, with respect to a suitable Hausdorff semidistance. 

1.0.0.1. Plan of the paper. We present some introductory material in 
Section [2l In particular. Section 12.11 concerns the existence of solutions of 
(jGF|) and reports a result from [30] , while in Section 12.21 we recall some 
results on Ball's theory on generalized semiflows and develop additional 
material, in the direction of studying a weak semiflow structure and a weak 
notion of attractor. Section [3] contains the statement and the proof of our 
main abstract results (Theorems [6] and [T]) . The ensuing Sections |4][5] are 
devoted to applications. In particular. Section [4] deals with the long-time 
behaviour of solutions of gradient flows of suitably perturbed convex func- 
tionals. We consider both the case of perturbations and that of (suitably 
dominated) concave perturbations. Moreover, some PDE examples are pro- 
vided within these classes of problems. Section[5]is focused on the long-time 
behaviour of solutions of the quasi-stationary phase field model ([4]). Since 
our approach to the long-time behaviour of ([4]) is substantially based on 
the gradient flow strategy developed in ^30] , we shall briefly recall the tech- 
niques and results of the latter paper in Section [5| Then, Theorems IHl and 
[7] are applied to the quasi-stationary problem (|4]) in Section 15.21 

1.0.0.2. Acknowledgment. The authors would like to thank Prof. Giuseppe 
Savare for some valuable and inspiring conversations. 
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2. Preliminary results 

2.1. Existence for gradient flows of non convex functionals 

In this section we gain some insight into an existence result for (jGFp that 
has been obtained in [30] . To this aim, let us start by reviewing the results 
on gradient flows in the convex case. Given T > and / : (0, T) J^, we 
consider the problem 

u'{t) +d(l}{u{t))3 fit) for a.e.i e (0,r), u(0) = mq. (7) 

When (/i is a convex functional, the Frechet subdifferential of (f) coincides 
with the subdifferential d<j) of (p in the sense of Convex Analysis (so we shall 
use the same notation for both subdifferential notions). The latter is defined 

by 

^edcjjiv) iff v€D{(t)), 4>{w)-(j}{v)-{^,w-v)>0 Vw e . (8) 

The literature on existence, uniqueness, regularity, and approximation of 
solutions of ([7]) is well-established and dates back to the early 70s (see 
the seminal references 8,9,16,23 ). In particular, it is well-known that, if 
uq g D{<j)) and / e L^{0,T; Jff), then the Cauchy problem ^ admits a 
unique solution u G H^{0, T; J^), which complies with the energy identity 

(l){u{t))+J^ \u'{r)fdr = (j){u{s))+J^ {f{r),u'{r))dr VO < s < i < T. (9) 

Indeed, relation ([9]) follows from the chain rule property of convex subdif- 
ferentials, i.e., 

if li e H\0, T; ), C e L^{0, T; Jif), ^{t) e d(l){u{t)) for a.e. t e (0, T), 

then (j)oue AC{0,T), (^(t), u'(t)) for a.e. i G (0, T). 

(10) 

In fact, the strong-weak closure of dcf) in the sense of graphs, i.e., 

Un U, ^ C in ^ d4>{Un) Vn ^ 0(Wn) — > 4>{u) , ^ £ d4>{u), 

(11) 

the elementary continuity property 

U„ M, sup \d4>°{u„)\ < +00 ^ 4>{un) 4>{u), (12) 
n 

(where we use the notation \A°\ :— inia^A \o,\ for all non-empty sets A C 
Jf) , and the chain rule (fTO| play a crucial role in the proof of the existence 
of solutions of ([7]). Furthermore, the long-time behaviour of ([7]) from the 
point of view of the theory of universal attractors, see e.g. Temam [39], is 
quite well- understood, even in the non autonomous case (see also [37]). 

Let us now turn to the case of a proper, lower semicontinuous, and 
non convex functional 0, cf. ([T]). One shall observe that, even in the non 
convex case, for any u G D{d(t)) the Frechet subdifferential d(j>{u) is a 
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convex subset of J^. On the other hand, the elementary example 0(x) :— 
min{(a;-l)2, (s + l)^} (with 90(a;) := 2{x+l) for a; < 0, := 2(x+l) 

for X > 0, but d(l){0) = 0) shows that, unlike the convex case (see (fTTj) ). 
the graph of the Frechet subdifferential of a non convex functional may not 
be strongly- weakly closed. 

Therefore, following |30| , we define the strong limiting subdifferential 
ds4> of at a point v E D{<j)) as the set of the vectors ^ such that there 
exist sequences 

f„,Cn e with € dcj){Vn), W„ ^ V, ^ '/'(^'n) ^ </»(«), (13) 

as n — > +00. Furthermore, we define the weak limiting subdifferential di4> 
of (/) at w e D{(t)) as the set of all vectors ^ such that there exist sequences 

Vn,^n G with € (90(w„), W„ ^ W, ^ SUp(/)(i;„) < +00. (14) 

n 

Of course, and dscj) reduce to the subdifferential d(j> of (p in the sense of 
Convex Analysis whenever cf) is convex, due to (fTTj) and (fT2|) . 

Note that the strong limiting subdifferential ds4> oi cj) fulfils this closure 
property: 

V {wfc}, {^k} such that Uk -> w, ffc ^ 0(ufc) (j){u), as k 1 +00, 

aea,0(ufc)VfceN,theneea,0(ii). ^ ' 

Instead, dgcj) is not strongly-weakly closed in the sense of graphs. Actually, 
dicj) can be characterized as a version of the strong-weak closure of 9s 0, as 
the following result shows. 

Lemma 1. Let (p : —> (—00, +00] comply with ([T]). Then, for any u G 
^ e di(l){u) 3{uk},{Ck} C Jf : Uk ^ u, ^ ^, sup (j){uk) < +00, 

k 

^k e dscl){uk)yk e N (16) 

i.e., di(j) coincides with the (sequential) strong-weak closure of ds4> along 
sequences with bounded energy. 

Proof. The left-to-right implication in (|16p follows immediately from the 
definition of 9^0, noting that d(t){u) C ds4>{u) for any u e J^. In order to 
prove the converse implication, we recall that in separable Hilbert spaces 
(more in general, in reflexive spaces and dual of separable spaces, cf. [TUl 
Chap. 3]), it is possible to introduce a norm ||| • |||, and thus a metric, in- 
ducing weak convergence on every bounded set. Thus, let us fix a sequence 
{{uk,S,k)} as in (fTH]) : necessarily, there exists Af > such that < M, and 
£,k £, may be rephrased as |||^fc — ^||| 0. In order to prove that the limit 
pair (m,^) fulfils ^ G di(f){u), we are going to construct by a diagonalization 
procedure a sequence {{vk^ojk)} C ^ x such that 

Vk ^ u, Wfc ^ as fc t -l-oo. Slip (j){vk) < +00, ijJk G d(j){vk) Vfc G N. 

k 

(17) 
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Note that the relation G ds(j>{uk) for all fc e N can be rephrased in the 
following way: for any /c G N there exist sequences {w^}, {£,„}, C with 

Uk, ^ Cfe, (t>{ui) 0(wfc) as n T +00, and e Vn e A^. 

In particular, for any fc e N we may find n{k) € N such that 

1 



Then, let us set Vk ■= and ujk := (n{k)- Obviously, ujk G d4>{vk), 

■Ufc ^ u as fc t +00, and sup^. (/'(wfe) < +00. On the other hand, we remark 
that the sequence {uJk} lies in a bounded set of Jff, since for all A: G N 
|wfc| < \uJk - Cfcl + iCfel < 1 + M. Therefore, ^ follows by noting that 

IIK-eill < + < V2\u;k ~^k\ + \Uk~m - as fc T +00. 

Under the assumption that di(j) satisfies a chain rule property analogous 
to the chain rule (|10p of the subdifferential of Convex Analysis, in [30] exis- 
tence and approximation results have been obtained for (|GF[) . supplemented 
with some initial datum uq G D{(j)) and source term /. Let us now recall 
one of the existence results proved in [30j . 

Theorem 1. Suppose that : — > (—00, +00] complies with ([T|), with the 
coercivity assumption 

3 K > : u I— !■ + k\v\'^ has compact sublevels, (COMP) 
and with the chain rule condition 

if w G H\a, 5; Jf), ^ G L^{a, b; Jif), ^ G di(j3{v) a.e. m (a, b), 

and (j) o V is hounded, then (j) o v £ AC{a, h) and (chain) 

j^(l}{v{t)) = im, W> for a.e. t G (a, b). 

Then, for any uq G D{(j)), T > and f G L^{0, T; Jif) the Cauchy problem 
u'{t) + ds(l){u{t)) 3 f{t) a.e. in (0, T), m(0) = uq, 

admits a solution u G i?^(0, T; J^). Moreover, one has the energy identity 

t .t 
|u'(cr)P da + (t){u{t)) = 0(m(s)) + / (/(cr), u'{a)) da yO<s<t<T. 

J S 

(18) 



The chain rule i|chain|| , which is indeed classical in the convex case ([TT 
holds true in a variety of non convex situations as well. First of all, i|chainI) 
is fulfilled by perturbations of convex functionals. In particular, letting 
(p = (j)i+(j)2-, where (f>i is convex and 02 is C^, and exploiting Lemma[21 one 
readily checks that de(f> = 90i + D(p2 and i|chain|) follows. A second class 
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of functionals complying with the chain rule i|chain|i is provided by domi- 
nated concave perturbations of (convex) functionals. In particular, in [30|, 
Thm. 4] it is proved that ||chain|i holds for all proper, lower semicontinuous 
functionals (/) admitting the decomposition 

(/) = -01 — ^^2 in £>((/)), with Vi : D{(l>) — > R l.s.c. and satisfying (|chain|| . 
: CO (-D0) K convex and l.s.c. in D{(l)), D{de'ipi) C D{dip2), 

(19) 

(where co (-D0) denotes the convex hull of D{(f))), and fulfilling 
VA/ > 3 p < 1, 7 > such that sup |^2| < p\(dt^i{u))°\ + 7 

j2S9l/i2(f) 

for every u G D{deipi) with ma.x{(p{u), \u\) < M. 

(20) 

Namely, if ipi is itself convex, we are requiring the domain of dipi to be 
included in D{dil>2)- This in fact implies that dipi somehow dominates 

2.2. Generalized semiflows 

For the reader's convenience, we recall here the main definitions and 
results on the theory of attractors for generalized semiflows, closely following 
[5]. Our final aim is to apply Ball's theory to the Cauchy problem (jGF| . 
and slightly extend it in view of applications. 

Notation. Let {X,dx) be a (not necessarily complete) metric space. We 
recall that the Hausdorff semidistance or excess e{A, B) of two non-empty 
subsets A, B C X is given by 

e{A, B) :— sup^^g^ inffcg b dx{a, b). For all e > 0, we also denote by _B(0, e) 
the baU B(0,e) := {x e X : dx{x,0) < e}, and by N,{A) := A + B{0,e) 
the £-neighborhood of a subset A. 

Definition 1 (Generalized semiflov^r). A generalized semiflow G on X 
is a family of maps g : [0, +00) X (referred to as "solutions"), satisfying: 

(HI) (Existence) for any go E X there exists at least one g E G with 
5(0) = go, 

(H2) (Translates of solutions are solutions) for any g £ G and t > 0, 

the map g'^{t) := git + t), t E [0, +00), belongs to G, 
(H3) (Concatenation) for any g, h E G and t > with h{0) = g{t), 
then z E G, z being the map defined by z{t) := g(r) if < r < t, and 
h{T -t) if t < T. 

(H4) (Upper-semicontinuity vif.r.t. initial data) If {gn} C G and 
5ri(0) — > go, then there exists a subsequence {guk} of {gn} and g E G 
such that g(0) = go and ^^^(t) ~^ g{t) for all t > 0. 

The application of the theory of generalized semifiows to suitable classes 
of differential problems is often delicate. Indeed, one usually needs to choose 
carefully the correct notion of solution of the problem in order to check the 
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validity of the properties (H1)-(H4). This process may not be straightfor- 
ward whenever one considers some suitably weak notion of solvability. On 
the one hand, solutions have indeed to be weak enough to comply with 
(HI) (assumption (H2) is generally easy to meet in actual situations). On 
the other hand, the notion of solution has to be robust enough in order to 
fulfil (H4). This robustness may turn out to be in conflict with (H3). For in- 
stance, this may occur when the existence of weak solutions of a differential 
problem is proved by approximation (like e.g. for the solutions of the quasi- 
stationary phase field Problem [T] in the weakly coercive case, cf. Theorem 
[T0| . Then, one is naturally led to define the candidate semiflow as the set of 
all solutions which are limits in a suitable topology of sequences of approx- 
imate solutions. Axioms (HI) and (H2) will be trivially checked, and, if the 
aforementioned topology is strong enough, one can hopefully verify (H4) as 
well. However, due to this approximation procedure, the concatenation in 
(H3) may not hold (the approximating sequences may not have the same 
indices) . This is particularly the case of the set of limiting energy solutions 
of Problem [1] in the weakly coercive case (cf. Definition [6|) . 

Therefore, in the setting of the phase space {X,dx) we aim at partially 
extending the standard theory of generalized semiflows to the case of a non- 
empty set Q of functions g : [0, -l-oo) X, complying with (HI), (H2), (H4), 
but not necessarily with (H3). In this framework, we shall introduce a weak- 
ened notion of attractor, for objects which are slightly more general than 
semiflows. Before moving on, let us explicitly stress that we do not claim 
originality for the notion of weak generalized semiflow we present below. 
Indeed, the possibility of studying the long-time dynamics of differential 
systems by considering (multivalued) solution operators fulfilling ((22|) has 
been recently considered in [25, 26 . In particular, this multivalued approach 
has also been applied to the standard phase field system by Kapustyan, 
Melnik & Valero 

Definition 2 (Weak generalized semiflow). We say that a non-empty 
family Q of maps g : [0, -l-oo) — > X is a weak generalized semiflow on X if 
G complies with the properties (HI), (H2), and (H4). 

Continuity property (C4). We say that a (weak) generalized semiflow 
fulfills (C4) if for any {gn} C G with gn{0) go, there exists a subsequence 
{9nk} of {9n} and g (z G such that g{0) = go and gn^. — > g uniformly on 
the compact subsets of [0, -f oo). 

Orbits, [x)-limits, and attractors. Given a weak generalized semiflow G 
on X , we may introduce for every t > the operator T{t) : 2^ ^ 2^ 
defined by 

T{t)E {g{t) : g e G with g(0) eE}, Ed X. (21) 
The family of operators {T{t)}t>o fulfils the following property 



T{t + s)B cT{t)T{s)B Vs,i>0 VBcX, 



(22) 
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and in general does not define a semigroup on the power set 2^. Note that 
P2p improves to a semigroup relation when Q is a generalized semiflow. 
Given a solution g € G, we introduce the positive orbit of g as the set 
7^(5) •= {di^) ■ t — 0}j while its co-limit Lo{g) is defined by 

oj{g) := {x <E X : 3{f„}, i„ +00, such that g{tn) — > a;}- 

We say that w : M — > X is a complete orbit if, for any s e M, the translate 
map w'^ ^ Q (cf. (H2)). Moreover, we may consider the positive orbit of a 
subset E CX, i.e. the set 7+(£;) := Ut>oT{t)E = U{7+(5) : g QG, g{0) € 
E}, and, for every r > 0, we define Y{E) := Ut>rT(t)E = j+{tIt)E). 
Finally, the uj -limit of E is defined as 

uj{E) -.^ {xe X : 3{.g„} C G such that {g„(0)} C E, 

{g„(0)} is bounded, and 3i„ +00 with gn{tn) ^ 2;}. 

Given subsets U,E C X, we say that U attracts E if e{T{t)E,U) 
as t ^ +00. Further, we say that U is positively invariant if T(t)U C U 
for every t > 0, that J7 is quasi-invariant if for any v € U there exists a 
complete orbit w with w(0) = w and w{t) S J7 for all t G K, and finally 
that U is invariant if T{t)U ~ U for every t > (equivalently, if it is 
both positively and quasi-invariant). 

Definition 3 (Weak Global Attractor and Global Attractor.). Let 

G he a weak generalized semiflow. We say that a non-empty set ^ is a weak 
global attractor for G if it is compact, quasi- invariant, and attracts all the 
bounded sets of X. Wc say that a set A C X is a global attractor for 
a generalized semiflow G if A is compact, invariant, and attracts all the 
bounded sets of X. 

The price of dropping the semigroup property for T consists in the fact 
that the notion of weak attractor introduced above will be quasi-invariant 
but will fail to be invariant. Moreover, we may observe that a weak global 
attractor (if existing), is minimal in the set of the closed subsets of X 
attracting all bounded sets, hence it is unique, cf. [25j . 
Compactness and dissipativity properties. Let ^ be a weak generalized 
semiflow. Wc say that G is 

eventually bounded if for every bounded B C X there exists r > 

such that 7^(-B) is bounded, 
point dissipative if there exists a bounded set Bq C X such that for 

any g E G there exists r > such that g{t) G Bq for all t > t, 
compact if for any sequence {gn} C G with {(?n(0)} bounded, there 

exists a subsequence {guk} such that {gnk{t)} is convergent for any 

t > 0. 

The notions we have just introduced are not independent one from each 
other cf. Prop. 3.1 & 3.2]. 
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Lyapunov function. The notion of Lyapunov function can be introduced 
starting from the foUowing definitions: we say that a complete orbit g € G 
is stationary if there exists x ^ X such that g{t) = x for all t e M - such 
X is then called a rest point. Note that the set of rest points of G, denoted 
by Z{Q), is closed in view of (H4). A function V : X R is said to be 
a Lyapunov function for G if: V is continuous, V{g(t)) < V{g{s)) for all 
g & G and < s < t (i.e., V decreases along solutions), and, whenever 
the map t i— > V{g{t)) is constant for some complete orbit g, then g is a, 
stationary orbit. 

Finally, we say that a global attractor A for G is Lyapunov stable if for 
any e > there exists (5 > such that for any E C X with e{E,A) < 6, 
then e{T{t)E,A) < e for all t > 0. 

Existence of the global attractor. We recall the main results from Ball 
[5] (cf. Thms. 3.3, 5.1, and 6.1 therein), which provide criteria for the exis- 
tence of a global attractor A for a generalized semiflow G. More precisely, 
Theorem [2] gives a characterization of A, whereas Theorem [3] states a suf- 
ficient condition for the existence of A in the case in which G also admits 
a Lyapunov function. 

Theorem 2. An eventually bounded, point dissipative, and compact gen- 
eralized semiflow G has a global attractor. Moreover, the attractor A is 
unique, it is the maximal compact invariant subset of X, and it can be 
characterized as 

A ^ U{u;{B) : B C X , bounded} = lj{X). (23) 

Besides, if all elements of G are continuous functions in (0,+cxd) and (C4) 
is fulfilled, then A is Lyapunov stable. 

Theorem 3. Assume that G is eventually bounded and compact, admits a 
Lyapunov function V , and that the sets of its rest points Z{G) is bounded. 
Then, G is also point dissipative, and thus admits a global attractor A. 
Moreover, uj{u) C Z{G) for all trajectories u Cz G. 

Existence of the weak global attractor. 

Theorem 4. Let G be a weak generalized semiflow. Moreover, assume that 
G is eventually bounded, point dissipative and compact. Then, G possesses 
a unique weak global attractor A. Moreover, A can be characterized as 

A = (z X : there exists a bounded complete orbit w : w{0) — ^} . (24) 

Clearly, one can replace in formula (|24|) with any s £ M. 

Concerning the first part of the statement, it is sufficient to check that 
the argument developed in [S] for the proof of Theorem[2]goes through with- 
out the concatenation condition (H3). As for ([24]), the fact that the global 
attractor is generated by all complete bounded trajectories is well-known for 
semigroups and semiflows (cf. [39]), and, up to our knowledge, it has been 
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observed in some generalized framework in [T51IT9]. Note that this charac- 
terization also holds for the global attractors of the standard generalized 
semiflow constructed in Theorems [2] and [H As already mentioned, we shall 
apply the weak global attractor machinery to a class of differential problems 
for which the existence of solutions is proved by means of an approximation 
argument. In this framework, in Section 15.2.31 the structure formula (I24|) 
will play a basic role in the proof that the sequence of global attractors of 
the approximate problems converges in a suitable sense to the weak global 
attractor of the limit problem (see also [36j for an analogous approximation 
result) . 

Proof. Arguing as in |5, Thm. 3.3], one has to preliminarily show the 
following two facts: their proof simply consists in repeating the arguments 
of O Lemmas 3.4, 3.5], which are valid independently of (H3). 

Claim 1. If Q fulfills (HI), (H2), (H4) and is asymptotically compact, then 
for any non-empty and bounded set B d X, lu{B) is non-empty, compact, 
quasi-invariant, and attracts B. 

Claim 2. If Q fulfills (HI), (H2), (H4), it is asymptotically compact and 
point dissipative, then there exists a bounded set B such that for any 
compact set K G X there exist r = t{K) > and e = s{K) > with 
T{t){N^{K)) C B for all t > t{K). 

Hence, let us define A :— io{B) where B is exactly the bounded set of 
Claim 2. Owing to Claim 1, ^ is non-empty, compact, quasi- invariant, and 
attracts B. Let us now fix any bounded set B and consider its compact lo- 
limit K := lo{B), which attracts B by Claim 1. Using Claim 2, one readily 
exploits ([22|) and adapts the proof of O Thm. 3.3] in order to infer that B 
attracts B as well. Thus, also A attracts B and, being B arbitrary among 
bounded sets, we have checked that A is the weak global attractor. 

Let us now prove (|24p . To this aim, we fix ^ G A. Then, the quasi- 
invariance oiA entails that there exists a complete orbit w such that w{0) = 
^ and w{t) e A for any t. In particular, w is also bounded since A is 
bounded and we shave shown one inclusion in To prove the converse 
inclusion, consider any bounded and complete orbit w in Q and set O := 
{w{t), t E K}. The set O is clearly bounded in the phase space and quasi- 
invariant, and the following chain of inclusions holds 

O C T{t)0 C uj{0) C A. (25) 

In fact, the first inclusion is due to the quasi- invariance of O, while the 
second one holds since the tj-limit set of any bounded set attracts the set 
itself, Finally, the last inclusion follows from ([23| . Thus, we conclude that, 
for any bounded and complete orbit w oi Q , w{0) E A. which clearly implies 

□ 

Finally, by adapting the proof of O Thm. 5.1], one may obtain the 
analogue of Theorem [3] for weak global attractors, namely 
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Theorem 5. Let Q he an eventually bounded and compact weak generalized 
semiflow. Moreover, suppose that Q admits a Lyapunov function, and that 
there exists a non-empty subset V of X such that 

T{t)V CV Vt > 0, (26) 
the set Z{Q) nV is bounded in X. (27) 

Then, Q possesses a unique weak global attractor A in V. Furthermore, for 
any trajectory u € j~^{'D) we have uj{u) C Z{Q) and the weak global attractor 
A complies with (|24l) . 

Indeed, Theorem [S] directly corresponds to Theorem [3] with the choice T> = 
X. On the other hand, the need for restricting the natural phase space X 
to a proper subset V is well motivated by applications and the reader is 
referred to Section 15.21 for some example in this direction. 

3. Main results 

In view of the assumption uq G D{(f>) in the existence Theoremll] we are 
naturally led to work in the phase space 

X:=D{(j)), with dx{u,v) ■.= \u-v\ + \(j){u)-(t){v)\ Vu,veX (28) 

Note that {X,dx) is not, in general, a complete metric space. 

For the sake of simplicity, we will assume that € D{(j)) and (/)(0) = 0, 
but it is clear that this assumption is not at all restrictive, since with a 
proper translation we can deal with the general case in which ^ D{(j)). 
Hence, a subset B d X is rfji^-boundcd iff it is contained in a c?x-ball i?(0, R) 
for some i? > 0, i.e. 

\u\ + \(t>{u)\<R \/u&B. (29) 

Definition 4. We denote by S the set of all functions u : [0, +oo) 
such that u e H^{0, T; Jf) for aU T > and 

u'{t) + ds(f>{u{t)) 3 for a.c. t G (0, +oo). (30) 

Remark 1. We could include a constant source term / e Jf in ([50]) by 
replacing with the functional (j)f defined by 4>f{v) :— (j){v) — (/, v) for all 

Theorem 6 (Generalized semiflow). Let (p comply with the assumptions 
([T]), (|cOMP|l . and (jCHAiNjl of Theorem]^ In addition, assume that 

3Ki,K2>0: 4>iu) > -Ki\u\- K2 Vm G (31) 

Then, S is a generalized semiflow on X, whose elements are continuous 
functions on [0, +00) and comply with (C4). 
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In order to study the long-time behaviour of our gradient flow equation, we 
assume an additional continuity property of the potential 0, that is 

Vn^V, SUp(|(a^0K))°|,0K)) < +00 ^ cf){Vn) ^ (t){v). (CONT) 
n 

Note that i|cont|) is readily fulfilled by lower semicontinuous convex func- 
tionals (cf. (|12p ). Let {T(t)}f>o be the family of operators (PT|) associated 
with the generalized semiflow S. We have 

Theorem 7 (Global attractor). Let(f> fulfil jT]), ||comp|) . (iCHAiNl) . (|cont|| . 
and 

liminf (t){u) — +00. (32) 

\u\ — > + oo 

Further, let V be a non-empty subset of X satisfying 

T{t)V CV V< > 0, (33) 
the set Z{S) nV :^ {ue D{ds4>) ■ G ds(t>{u)} nV is bounded in ^34) 

Then, there exists a unique attractor A for S in V, given by 

A:=U {uj{D) : D dV bounded} . 

Moreover, A is Lyapunov stable. 

With respect to applications, let us stress that assumptions ([33l) - (p4l) 
are of course to be checked for all current choices of the functional (p. In 
order to fix ideas, let us remark that, in the convex case, ([34]) follows for 
instance from ([5^ . 

3.0.0.3. The fundamental theorem of Young measures for weak topologies. 
Before developing the proof of Theorems [6l [71 we report a compactness re- 
sult for Young measures in the framework of the weak topology, which shall 
play a crucial role in the sequel. Hence, for the reader's convenience let us 
recall the definition of (time- dependent) parametrized (or Young) measures. 
Denoting by C the cr-algebra of the Lebesgue measurable subsets of (0, T) 
and by ^^{M') the Borel ct- algebra of J^, we define a parametrized (Young) 
measure in Jif to be a family u :— {ft}tg(o,T) of Borel probability mea- 
sures on such that for aU B g ^(Jf) the map t e (0,T) 1-^ vt{B) is 
iZ-measurable. We denote by 3^(0, T; ) the set of all parametrized mea- 
sures. The following result has been proved in [301 (cf. Thm. 3.2 therein), as 
a consequence of the so-called fundamental compactness theorem for Young 
measures, [J, Thm. 1] (see also [4]). 

Theorem 8. Let {wnlneN « bounded sequence in U'{I;J'if), for some 
p > 1. Then, there exists a subsequence k i— > ti„^ and a parametrized measure 
V = {i^tjte/ G y{I'-, such that for a.e. t ^ I 

vt is concentrated on the set L{t) of the weak limit points of {w„j.(t)}, 

(35) 
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l^l^'dvtiO dt < liminf / \vnAt)\'' dt < +00. (36) 
/ VJj*" / ''-"^ Ji 

Moreover, setting v{t) :— Jjp S. diytiOi ™s have 

Vnk ^ V in L^{I;J^f) if p < 00 and Vn^^*v in L°°{I] J^) if p = 00. 

(37) 

Henceforth, we will denote by C any positive constant coming into play 
throughout the following proofs, pointing out the occurring exceptions. 

3.1. Proof of Theorem\^ 

It follows from Theorem[l]that for any U[) E X there exists u : (0, +00) 
■M' fulfilling m(0) = uo and ((30)) . Moreover, the energy identity 

t 

|u'(cr)P da + (\>{u[t)) = (/)(uo) V< e [0, +00) 

yields that u' e L2(0, T; M') for all T > 0, whence u € ^^(0, T; for aU 
T > 0: therefore, S complies with (HI). It is easy to check that S satisfies 
(H2) and (H3) as well. Besides, the elements of S are continuous functions 
on [0, 00): in fact, u G C°([0, T]; ^) for all T > and, in view of (|chain|) . 
o u e ^C(0, T) for any T > 0. 

Proof of (H4). Let us fix a sequence {uq} C £*(</>) converging to uq G £)(</)) 
w.r.t. the metric of X, i.e. 

l"o - "ol + |'/'('"o) - -^K)! ^ asnt+00, (38) 

and let ii„ G H^{0,T;Jif ) for all T > be the corresponding sequence of 
solutions in S. Wc split the proof of (H4) into steps. 

A priori estimates on {un}- For anyT > there exists a positive constant 
Ct, only depending on uq and T , such that 

||"«||l~(o.T;,^) + l|wnllL2(o,T;,>r) < C't, (39) 
sup|0(u„(t))| <Ct. (40) 

[0,T] 

Indeed, it follows from the energy identity and from ((38| that 

|<(fT)p do + 0(u„(t)) = 0(zi^) < C (41) 



for any n £ N and t e (0, +00). On the other hand, for any fixed T > and 

(0,T], 

^*|<('^)P>^K(0-"oP 

> ^\Un{t)? - ^Wi? > K,\u.n{t)\ TKl - ^\u-\\ 
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Therefore, (|4ip yields 

\ KWI' + K,\u,m + ^{un(t)) <C+ + TKl 

for any t E (0,T], whence 1^ (in view of ([21])), as well as 
Convergence results for There exist a subsequence {u„^}, a func- 

tion 

u G H^{0, T; Jif) for all T > 0, and a limit Young measure u — {i't}te(o,+oo) 
3^(0, +oo; associated with {u^^}, such that 

Un^^u in H\0,T;Jf) VT > 0, (42) 
un.^u in C°([0,T];jr) VT > 0, (43) 
is concentrated on —de(t){u{t)), for a.e. t € {0,+oo), and (44) 

f /" \£.\^ di^tiO^ dt < hminf [ \ul^ {t)\^ dt < +oo VT > 0.(45) 

The estimates ([39]) , (j40|) , and the assumption (|comp|| yield that for any fixed 
T > there exists a compact set J(f{T) C c;?^ such that 
UneN{uri(0 : tG [0,T]} C Jfi^{T). Hence, taking into account the esti- 
mate (l39l) and applying the generalized Ascoli theorem fSS", Lemma 1], we 
conclude that there exist a subsequence u„ (which we do not relabel) and a 
limit u e H^{0, T; .J^) fulfiUing (gH) and (gS]) on (0, T). On the other hand, 
using the compactness result for Young measures Theorem|Sl up to a further 
extraction we also find a limit Young measure v € 3^(0, T;Jf) such that 
the lower-semicontinuity relation (j36[) with p = 2, and the concentration 
property (|35|) hold for u and {u^}. Note that ([35]) yields relation (f44|) on 
(0,r) for all r > 0. Indeed, the set L{t) of the weak hmit points of M^(t) 
fulfils 

L{t) C -di(t){u{t)) for a.e. t e (0, T) 

in view of the convergence ((43|) for {M„(i)}, of the a priori estimate (|40|) for 
{4>{un{t))} , and of Lemma[T] Then, by a diagonal argument, we extend the 
maps t ^ u{t) and t i-^ i^j to (0, -|-C!o), finding that u G H^{0,T; Jif) for 
all T > 0, v G y{0, +oo; Jf) and fulfils ((44|) . and we extract a subsequence 
u„j^ for which (gl]), (gS]), and (gS]) hold. 

Passage to the limit. The limit function u belongs to S , fulfils uifi) — uo, 
and 

dxiun^it),u{t)) ^ asfct+oo V< > 0. (46) 
Let us now fix an arbitrary t > 0: taking the liminf of both sides of (gT|) in 
view of ((38l) . (I42l) - (g5)) . and of the lower scmicontinuity of (p, we find 



\u'{s)\^ds + ^J^ (^jjS,\^dv,{i)^ds + <P{u{t))<<j,{uo). (47) 
On the other hand, (g4|) and (g5|) ensure that 



\{dt4>{u{s))r\' ds < 
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Hence, by [30l Thm. 3.3, Prop. 3.4], there exists a selection ^(•) G di4){u{-)) 
in L'^{0,t;J^). Also, (gZl) yields that o u is bounded on (0, T). Thus, we 
may apply the chain rule (|chain|| and conclude that (pou e AC{0, T). Owing 
to [Sni Thm. 3.3], the limit Young measure v, fulfilling ([33]), also complies 
with a chain rule formula, yielding that (here we set rj{s) := J^^ ^dvsiO)- 

^{uo) - cl>{u{t)) = f {u'{s),iis))ds. (48) 
Jo 

Note that, owing to Theorem [5] and, in particular, ([57]) . we have that u' = -q 
almost everywhere. Combining P7)l and ([35]), we deduce 

\f I \i-u'{s)\''dvM) 

= \f \u'{s)\^ds + \f I \edvs{0 - /* f«'(s), / ed^.(o) ds < 0, 
^ Jo ^ Jo Jj^ Jo \ Jj^ / 

whence z/s — (5„'(s) for a.e. s £ (0,t). Therefore, yields 

u'(s) e ~di4>{u{s)) for a.e. s G (0,t). 

Being i arbitrary, we infer that u solves 

u'{t) + dt(f){u{t)) 3 for a.e. t e (0, +oo). (49) 

The initial condition u{0) — uo of course ensues from ([38| and (|43|) . Finally, 
let us take the limsupj,|_|_o2 of (|4T|) . By ([38]) . 

limsupf/ |<^(CT)pdCT + 9;.(u„Jt))) < limsup0«") = (/)(m(0)) 

= 0(zi(i))+ / |u'(a)|2da, 
Jo 

where we have used that u fulfils and applied the chain rule ||chainI) to 
the selection —u'{t) £ de(f)(u(t)). Therefore, we deduce that for every t > 

f\u'ia)\^da<limM f \u'^^{a)\' da 

Jo kT + oo 

<limsup/ |<Ja)pda< / \u'{a)\''da, 
feT + oo Jo Jo 

(f){u{t)) < liminf (/!)(u„^ (i)) < limsup0(u„^(i)) < (j>(u{t)). 

feT+oo feT+oo 



Finally, 



u strongly in (0, T; Jf) for any T > 0, 
Unf, (t) u{t) in X for any t > 0, (50) 
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whence it is easy to infer that u in fact solves (f30|) . We can conclude that 
S fulfils (H4). 

Conclusion of the proof. Note that we can in fact improve ([50|) . By 
subtracting the energy identity for u from the energy identity for , we 
get that 

- ^{um < Icj^iu-") - cj^{uo)\ + r |K(s)P - W{s)\'\ ds 

Jo 

< IcbK") - cj^{uo)\ + f (K(5))| + \u\s)\) K(.)) - u'{s)\ds 
Jo 

< - 0(«o)| + C||<^ - w'|U2(o,t;^), (51) 

and the above right-hand side goes to zero, as fc t +00, uniformly in t on the 
compact subsets of [0, +00), so that we may conclude that 4>o 4>o u 

uniformly on the compact subsets of [0, +00). We have thus also proved the 
continuity property (C4). □ 



3.2. Proof of Theorem^ 

Note that any of the trajectories u G S complies with the energy identity 
(UHl) (with / = 0). In particular, 0(u(i)) < (f>iu{s)) for all < s < t < +00. 
Let us check that (j) is a Lyapunov function for S. In fact, (f> is trivially 
continuous w.r.t. the topology of X. Let now w : R ^ X he a, complete 
orbit for S. Note that, by Definition H w € 77/^^(M; Jf), and that it fulfils 
the energy identity (fTS]) on R. Suppose that the function t G R i-^- (j){u>{t)) 
is constant: hence, 
t 

\w'{a)fda = (l>{w{s)) - <l){w{t)) =0 Vs,t e K, s < i. 

Thus, 'w'{t) = for a.e. i S M; as w is absolutely continuous, we deduce 
that w is a stationary orbit. 

Therefore, in view of Theorem [3] and of the assumptions ([33ll - (p4|) . it is 
sufficient to show that S is eventually bounded and compact. 
Eventually boundedness. In order to check that S is eventually bounded, 
we fix a ball B{0,R) centered at of radius i? in X: we will show that there 
exists R' > such that the evolution of the ball B{0, R) is contained in 
the ball B{0,R'). Indeed, let u g 5 be a trajectory starting from some 
uo £ 5(0, i?), cf. By the energy identity, 

0(w(i)) < / \u'{s)\^ds + <j){u{t)) < (f>{ua) < R > 0. (52) 
Jo 

Therefore, taking into account our coercivity assumption p2[) . we deduce 
that 

\u{t)\<R" Vt>0, (53) 
for some R" > and the eventual boundedness follows with R' := R + R". 
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3.2.0.4- Compactness. In order to verify that S is compact, we consider a 
sequence w„ G 5 such that u„{0) is bounded in X: we will show that 

there exists a subsequence u„j. such that 

is convergent in X for all t > 0. (54) 

In fact, since m„(0) is bounded in X , we may argue as in the proof of (H4) 
in Theorem [6l and obtain that there exists a subsequence u„^. and a limit 
function u E H^{0,T;Jff) for all T > such that the a priori bounds 
(|39)) - (l40l) and the convergences p2|) -(|45 |) hold. However, unlike in the proof 
of Theorem[6l we cannot directly conclude (I47p anymore, since now we only 
have M„(0) —^ uq in J^. Actually, wc will prove ()54|) by combining the as- 
sumed (cf. (|cont|| ) continuity of <j) along the sequences with equibounded 
slope with Helly's compactness principle for monotone functions with re- 
spect to the pointwise convergence (for the proof of this result, the reader 
is referred to, e.g., [H Chap. 4]. Indeed, thanks to the energy identity 

t 

da + (f>{un{t)) ^ (t>{un{s)) Vs,te[0,r], (55) 

the function 1 1— > (j){un{t)) is non-increasing. Thus, Helly's Theorem applies, 
and we obtain that there exists a function ip : [0, +oo) (— oo, +oo], which 
is non-increasing, such that 

(flit) :^ lim 4>n,Ht)) Vi > 0, (56) 

k'\+oc 

for a proper subsequence of n. Now, by ((5D|) and ([M)) . we have 

sup / \{dt^(j){Un,{tW\^ dt < +00. 
fcSN Jo 

Hence, by Fatou's Lemma, 

liminf |(a^0(M„,(t)))°|^ < -t-oo for a.e. t € (0,T). (57) 

Therefore, for almost any t we can select a proper subsequence of Uk 
(note that, at this stage, the latter extraction depends on t) such that 
{de4>{un^^{t)))° is bounded as A t -l-oo. Also in view of (|40|) and (l43l) . we 
can now exploit i|cont|i and conclude that 

lim ^(u„ (0)-<^(ii(t)). (58) 

At + oo ^ 

Actually, the extraction of the subsequence in ([58|l does not in fact depend 
on t, since, by the lower semicontinuity of (/>, we have for a.e. t G (0,T) 

liminf 0(M„,(t)) < liminf (/)(u„. (i)) = 0(u(t)) < liminf 0(M„,(t)), (59) 

fct + OO At + CXD ^ k^ + oo 
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yielding 

0(w(i)) lim 0(u„,(i)) = v{t) for a.e. t £ {0,T). (60) 

In the next lines, wc will actually show that ((60|) holds for all t > 0, thus 
concluding ([54|l thanks to ((56|) . To this aim, we will use the same technique 
devised for proving the upper semicontinuity property (H4). First, we take 
the liminf as fc "f +oo of both sides of ([55)1 . In view of the convergences 
dUll-dll]), dMl), and of the fact that ip{t) = (j){u{t)) for almost every t > 0, 
we obtain 

i \u'ia)\'ds + lf[J^ \e rf^.(o) ds + cj^iuit)) < ms)) (61) 

for all t e (0,T] and for a.e. < s < t. Now, by arguing exactly as in 
the proof of (H4) (with the sole difference that all the time integrals are 
now considered between s and t, with s > 0, since we do not have the 
convergence in X for the sequence of the initial values u„(0)), we deduce 
that the limit function u solves 

u'{t) + de(j){u{t)) 3 for a.e. t e (0, +oo). (62) 

Thus, in view of ||chain|) . the function u also verifies the energy identity on 
the interval (s,i), with Q < s < t < T (see [501 Theorem 3]). In particular, 
this means that the map 1 1~> (f)(u(t)) is continuous and non-increasing, and 
thus (p{t) = (f){u{t)) for any f > 0, as desired. n 



4. Applications: perturbations of convex functionals 

In this section, we apply our abstract theory to some concrete exam- 
ples of parabolic partial differential equations. More precisely, we will deal 
with the long-time dynamics of gradient flows of various non convex per- 
turbations of convex functionals. First, we shall consider the case of C-^ 
perturbations. Secondly, we apply our abstract results to gradient flows of 
functionals (f> given by the difference of two convex and lower semicontinuous 
functionals. 

4-1- perturbations of convex functions 

We consider functionals cj) : (^ oo, +oo] of the type 

(/) — (pi + (f)2, with (pi proper, l.s.c, 
and convex on D((/)i) C , 02 e C^{Jif). 

The problem of the existence of solutions of gradient flow equations for 
functionals (p of this form has been addressed in [21] (see also the lectures 
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notes [T] and [2])- The uniqueness of solutions is an open problem owing to 
the possible non convexity of the perturbation (fi2- Here, we prove that the 
set of all solutions of 

u'{t) + d(t)i{u{t)) + D(j)2{u{t)) = for a.e. t e (0, +oo) (63) 

is a generalized semiflow in the phase space X — D{(/)i), endowed with the 
metric 

|u- w| + |0i(w) - </>i(w)| Vu,weJf. (64) 

Moreover, we show that this generalized semiflow has a unique global at- 
tractor in the phase space D((f>i). The following proposition is a consequence 
of Theorems |6] and [7l with the choice V — J^. 

Proposition 1 (Global attractor for C^-perturbations of convex func- 
tions). Let (j) : .y/f —^ (— oo, +oo] be as in (|63|) . Suppose that cj) complies with 
the assumptions (|C0MP|| and ([32]). Moreover, we assume that 

Vr>0 V e H^{0,T;Jif) ^ D(j)2{v) e L^{0,T].yf), (65) 
the set {v ^ Jf : d<j)i{v) + D(j)2{v) 3 0} is bounded in I?((/)i). (66) 

Then, the set of all solutions in H^{0,T; J^), VT > 0, of (j63p is a gen- 
eralized semiflow on (D{(j)i),dx) (see ()64p ) and possesses a unique global 
attractor. Moreover, the attractor is Lyapunov stable. 

Preliminarily, we need the following 

Lemma 2. Let (pi : — > (— oo, +oo] be a proper, lower semicontinuous 
functional, and let 02 : -jy/f — > (— oo, +oo] be continuous and Gateau difjer- 
entiable, with D(j)2 ■ ^ demicontinuous. Set : + 02. Then, 

de(j){u) = di(j)i (u) + D(j)2 (u) V w e . (67) 

The same conclusion holds for ds4>. 

For the proof of this lemma, we refer the interested reader to [31] . 

Proof of Proposition]^ First of all we note that, since ds4>{v) = d4>i {v) + 
D(p2{v) for all v g thanks to Lemma [21 the set of all solutions of (I63|) 
coincides with set of all solutions of ([50)) . with = 0i + 02- In order to 
apply our Theorems [S] and [71 we only need to verify the validity of the 
chain rule ||chain|| . of the continuity condition i|cont|| . and of p4)) . For 
any given functions v,^ like in the hypothesis of i|chain|i . condition (|65p 
and the fact that (j>2 € G^{,^) entail the validity of the chain rule for 02- 
Moreover, since D(j)2{v) e 7.2(0, T;Jf), by ([65|) we also have by comparison 
that d(j)i{v) 3 i~ D(j}2{v) e 2.^(0, r;Jf). Since the chain rule (|chainI) 
holds for 01 by convexity, we conclude that it holds as well for 0. The 
continuity property i|cont|i easily follows from the continuity of 02 and from 
the convexity of 0i (see ([EJ). Finally, the condition ([66]) on the solutions 
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of the stationary equation ensures the vahdity of (|34p . Indeed, again thanks 
to Lemma [21 we have 

Z{S) = {v£J^: ds(j){v) 30} = {veJf: dMv) + D(j)2{v) 9 0} , (68) 

and the latter set is bounded by assumption. Thus, the assertion foUows. n 

4-. 2. Dominated concave perturbations of convex functions 

In this section, we apply our results to gradient flows of functionals 
given by 

4> ~ ipi — ^^2, with -02 proper, l.s.c. 
and convex on D{il)i) C i = 1, 2. 

Of course, I?(0) — H D{ip2)- The starting point of our analysis is 

the following Lemma, which sheds light on the structure of the limiting 
subdifferential for a functional as in ([69]) , and states a sufficient condition 
for the validity of the chain rule i|chain|) (its proof is to be found in [501 
Lemma 4.8 and Lemma 4.9]). 

Lemma 3 (Subdifferential decomposition and chain rule). Let cj) : 

J'f (-00, +oo] fulfil ([nn|), (|C0MP|) . and 

VM > 0, 3p<l,7>0 such that sup |CI < p|(90'i(u))°| + 7 

for every u G D{dtjji) with max(0(M), \u\) < M. (69) 

Then, every g e d(j)(u) with max(0(u), |u|) < M can he decomposed as 

S-A^-A^, X'edMu), (70) 

where p, 7 are given in terms of M by (|69p ; moreover, satisfies the chain 
rule liCHAiNjl . 

As a consequence of this lemma, we have that the solutions of the gradient 
flow equation (|30p with (j) ~ ^i — (whenever they exist) indeed solve the 
equation 

u'{t) + dipi{u{t)) - di}2{u{t)) 9 for a.e. t e (0, +00). (71) 

We note that the existence of a global attractor for the solutions of equa- 
tions of the form ([TT]) has been addressed by Valero |40j . The approach in 
[40] is different from the present one since it is based on the abstract the- 
ory, developed by Melnik & Valero in [25], of attractors for multivalued 
semiflows. Our result is however sharper although less general. On the one 
hand, we do not focus on the whole class of solutions of equation ([7T|) , but 
rather on the set of solutions which can be obtained from the gradient flow 
approach. Secondly, Valero [40j tackles the problem in the phase space 
D{tpi), endowed with the metric of Jf. On the other hand, our analysis is 
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performed in the phase space given by the domain of the potential cf), that 
is D{(f), endowed with metric dx (see ([28l) ). which is stronger than that 
of -j^. In the foUowing concrete examples of PDEs, taken from [40], the 
difference between Valero's results and the present ones will be clarified. 

Henceforth, we fix the Hilbert space to be ,3^ := L^(J7), Q being 
a bounded domain of with smooth boundary dQ\ we shall denote by 
I • I the norm in L'^{Q). In particular, all subdifferentials are computed with 
respect to the metric in L^^fi). Let x — (xi, . . . , Xd) represent the variable 
in fi. 

4.2.0.5. Example 1. We shall consider gradient flow solutions of the equa- 
tion 

u'(t) - Apu(t) - \u{t)\°'u{t) = for a.e. t G (0, +00), 



where ApU 



E 



_d_ 

dxi 



du 



dxi 



dxi 



and p > 2 and a > fulfil 



(72) 



2 + a <p, 

2(1 + a) <^,iid>p. 



(73) 



Then, let us consider the following functionals defined in L^{n): 



ipiiv) 





dv 


/ 


dxi 



dx 



and "01 (f) 



a 



'dx 



if w e wl'^{Q), 

-00 otherwise, 
if w G L"+2(I2), 



and il>2{'v) '.= +00 otherwise. 



(74) 



(75) 



It is clear that, with these choices of and 0^2: equation ([7^ can be 
rewritten in the form of (|7ip . Consequently, we let (p — ipi — ip2^ and we 
study the long-time behaviour of the solutions of the gradient flow for (j) in 
the framework of the phase space 



' X := D{<P) = Wo'^(X2) = V (see dTS])), with 

dx{u,v) ||m - v\\L2(f2) 

^(l|v^||^-||v.|i^)-^(IHI^+^-||. 



+ 



(76) 



Thanks to ([731) . it is not difficult to prove that (j) is lower semicontinuous, 
has compact sublevels in L^(J7), and satisfies the coercivity condition (|32p 
(which clearly entails (|3ip ). Concerning the lower semicontinuity, we have 
to prove that given a sequence {un}n=i C Wq''^{[2) such that u„ u in 
L^{f2), one has liminf„^_|_oo </'(wn) > 0(u)- Without loss of generality, we 
may suppose that sup„ </)(«„) < +00. Hence, the first relation in ([75|l gives 
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the following chain of inequalities for a positive constant C independent of 
n 

where we have also used the Young inequality. Thus, by standard weak com- 
pactness results and possibly extracting some not relabeled subsequence, 
u„ ^ urn Wo'^(/2) and, by the compact embedding Wo'^(^2) C L'^+°'{n) 
(see ([75)) ). we have Un—^u strongly in L^+"(i7). The lower semicontinuity 
of (j) is now an easy consequence of this strong convergence and of the lower 
semicontinuity of the norms w.r.t. the weak convergence. The estimate (j77l) 
also shows that the sublevels of </>, being bounded in W^'^lfi), are compact 
in L'^{fl). The coercivity condition (f32|) easily follows from ([77|) by noting 
that, since p > 2 by assumption, we have 

0(«) > C^II«nr,v.i,P(,,) -C> C\u\ -C Wv€ W^^^{f2). 

In order to apply Theorems [6] and [7] and find that the set of all the solutions 
of 

u'{t)+ds{ipi-^/j2){u{t))3 0m,J^ for a.e. t e (0, +c») (78) 

generates a generalized semiflow on {X,dx) (see (j76p ). possessing a unique 
global attractor, we still need to check that (p — ipi — •4'2 complies with the 
chain rule iIchain|i and with (f34|) (in fact, ([33|) is valid since we have chosen 
2? = X). As for proving the validity of the chain rule for 0, we have to 
check that the subdifferentials of -01 and tp2 comply with condition ([55]) . To 
this aim, we note that for any u e D{dijji) with max(0(w), \u\) < M, we 
have that ||u||i4/i,P(^2) — T' where 7 is a positive constant depending on M 
and on Q. Thus, ([69|l follows with any choice of p € (0, 1) by simply noting 
that \d'4>2{u)\ = WuW^^^+iy and recalling that W^'^iQ) C L2("+i)(I2) with 
continuous injection (see (j73p ). In order to prove (|34p for 0, we have to 
check (see (fTG]) ) that the set 

{w e : d,{il^i - ij2){v) 3 0} is bounded in (Wj '^(i?), dx)- (79) 
Note that Lemma [3] and the definition of tpi and "02 entail that 
{«e JT: 9,(01- 1/^2 )(f) 9 0} 
C e VFo'^(/?) : Apv - \v\"v = a.e. in . (80) 

Then, we only need to prove that the latter set is bounded in {W^'^{f2), dx)- 
This follows by simply testing in L^{il) the equation ApV— = with v 
and performing the same computations as for proving ([77)1 . This produces a 
bound in Wg^'^(^?) for the solutions of the aforementioned stationary equa- 
tion, which entails the bound in the phase space ()76p by using the embedding 
WQ'^{f2) C i"+^(i7) again. We have thus proved the following. 
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Proposition 2. Let a and p satisfy (|73p and = "01 — "02 with ipi and 02 
as in (|74p -()75 p . Then, the solutions oj the gradient flow equation 



+9^(01 -■02)(w(i)) 3 /or a. e. t m (0,+oo) (81) 

generate a generalized semiflow in {Wq'^ {fl),dx) which possesses a unique 
global attractor. This attractor is also Lyapunov stable. 

Example 2. In this example, still taken from [40j, we consider gradient 
flow solutions of 

u'{t) - Au{t) - fiu{t)) e \H{u{t) - 1) for a.c. t e (0, +oo), (82) 

where H is the Heaviside graph, i.e. the maximal multivalued monotone 
graph in K X E given by 

H(v) ■~liiv>Q, i?(u) [0, 1] if w 0, and i7(w) = if u < 0, (83) 

and A is a non- negative constant. Finally, / : IR ^ R is a non-decreasing 
continuous function such that 

|/(s)| <ki + fcalsl, with fci > and < fca < Ai, (84) 

with Ai the first eigenvalue of the Laplace operator with Dirichlet boundary 
conditions. We introduce the following functionals, defined in L^(i7), 

01 (w) / iVupdx if w e Hl{fl), tpi{v) := -|-oo otherwise, (85) 

2 J^2 

^2(w) [ F{u)dx + X [ {u-l)+dx, (86) 

where i*" = /. As in Example 1, we aim to consider the dynamics of the 
gradient flow for the functional = 0i — 02 in the phase space 

' X := L>(0) = Hl{Q) = V, with 
dx{u,v) \\u-v\\L2(n) 

li\\yu\\l~\\Vv\\l) 

( [ {F{u) - F{v))dx + \ I {u-l)+dx-X I {v-l)+dx] 

The functional is lower semicontinuous in L'^{f2). In fact, if we are given 
a sequence {un}n=i Hq[Q) with u„ — > u in L^(i7) and sup0(u„) < -|-oo, 

n 

then the growth condition on / entails that 

F{ur,) < C + C|u„p a.e. in Q. (87) 

Thus, by a variant of the Dominated Convergence Theorem (see, e.g., [20l 
Theorem 4]), there holds F{un) in L^{f2). The lower semicontinuity 

of now descends from the lower semicontinuity of norms w.r.t. the weak 
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convergence. Moreover, (j> has compact sublevels in In fact, by the 

Poincare inequahty, combined with the growth condition on / (recall that 
^2 < Ai), we have that 

> ^||Vw||2 - / F{v)dx-\ / {v-l)+dx 

>C\\Vv\\l-C for a given C > and Vu G ffo^(r2). (88) 

Thus, the sublevels of are bounded in H}^{Q), which is clearly compact 
in L'^{fl). Note that ([88]) entails the coercivity assumption ([32|) (and thus 
pip ) . Again, in order to apply our Theorems [S] and [71 we need to check 
(|chain|) and p4)) f p3)) is again trivial since we take V = X). The chain 
rule i|chain|i easily follows from Lemma |3l In fact, the subdifferential d%l]2 
of ^2 is simply 

d^2{v) = f{v) + \H{v - 1) Vw e D{d4j2) = L^i^), 

thanks to the growth condition (|84p . while the subdifferential of ipi is clearly 
—A, with domain H^{[2) n Hl{Q). Thus, condition ([55)) easily follows with 
J = AI and with any choice of p G (0, 1). Finally, the condition on the rest 
points follows from the same argument used in ([79| -([80 |l . In this case, the 
analogue of the stationary equation in ([80]) is the following 

- Av~ f{v) G XH{v - 1) a.e. in J7, v = a.e. on dn. (89) 

We thus have 

Proposition 3. Let us consider the functional (j) — tpi — ''P2, with ipi and 
■02 as in (I85|) - (j86|) . Then, the solutions of the gradient flow equation 

u'{t) + dsi^pi-'ilJ2)iuit)) 3 for a.e. t m {0, +00) (90) 

generate a generalized semiflow in {H^{Q),dx) which possesses a unique 
global attractor. The attractor is also Lyapunov stable. 

Example 3. We are interested in the study of the long-time behaviour for 
the gradient flow solutions of the following equation 

u'{t) - Au{t) + dlK(u(t)) + fi{u{t)) - f2(u(t)) 3 for a.e. t in (0, +00). 

(91) 

In the latter equation, the symbol OIk represents the subdifferential of the 
indicator function of the closed and convex set K (see definition ([95]) below), 
while /i : K ^ M (i=l: 2) are two non-decreasing continuous functions which 
satisfy the following growth and compatibility conditions 

there exist < fci, A:2, fca < Ai, k4> 0, e > such that 
\fi{s)\<h{\s\''/^^-^^ + l) VsgR ifd>3 

|/2(S)| <fc2+fc3|s|, 
(/l(s)-/2(s))s> (-Ai-£)s2-fc4, 
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where Ai is the first eigenvalue of the Laplace operator with Dirichlet bound- 
ary conditions. We then denote by Fi and F2 the primitives of fi and /2 
respectively. Consequently, Fi and F2 are differentiable convex functions in 
R such that F^ — fi, i = 1,2. Without loss of generality, we assume that 
Fi(0) = 0. We will only consider the case in which f2 is a bounded domain 
of R'' with d > 3, the one-dimensional and the two-dimensional cases being 
easier. The only difference is in the growth condition imposed on /i, which 
may be weakened. More precisely, in two dimensions we can deal with a 
function /i growing at most like a polynomial with order v, v being any 
real number \ <v < -l-oo. In one dimension, we do not need any additional 
growth condition. 

Now, let us consider the following functionals on L'^{fl) 



ipi{v) 



1 / \Vv\'^dx+ [ Fi{v)dx if v e K, 

2 Jn J n 



and t^iiv) 



I- 00 otherwise, 



Mv) ■■= / F2{v)dx, 
Jn 



where K is the following closed and convex subset 

K := {ve Hl{Q) : v{x) > 0, a.e. in J?} 



(93) 
(94) 



(95) 



It is not difficult to show (sec [9, Prop. 2.17]) that the subdifferential of V'l 
in L^{Q) has the following expression 



w £ dipi{u) <^we -Au + dlxiu) + fi{u), 
with D{d^i) ^ H^{n)nK. 



(96) 



Thus, it is clear that (|9ip could be rewritten in the form of (|71l) . with V'l 
and ip2 as in (|M )) - ((M)) . 

Again, we are interested in the long-time dynamics of the gradient flow 
for the functional (j) = ipi — 'ip2, in the framework of the phase space 

' X D{<j)) =K = V with 
dx{u,v) := \\u-v\\L2(f2) 

\{\\^u\\l-\\Vv\\l) 



+ / {Fi{u) ~ Fi{v))dx ~ / {F2{u) - F2{v))dx 



Thus, we have to check the validity of the hypotheses of Theorems [6] and 
[71 The proof of the lower semicontinuity follows exactly the same lines of 
Example 2, with some minor modifications due to presence of the two ex- 
tra terms Ik{v) and J^^ Fi{v)dx in the definition of ([M]) . However, these 
two terms, being positive, could be easily handled by lower semicontinuity. 
Moreover, arguing as in (|88p we find that (j) complies with (icOMPj) and (|32p 
with respect to the norm of L'^{Q). The chain rule property i|chain|| is an 
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easy consequence of Lemma [U of the structure of the subdifferential of V'l 
(see (|96|)). and of the growth condition on the perturbation /2, which entails 
that the subdifferential d^2 of "02 is simply given by 9'02(w) = f2iv) for all 
V £ L?{fi). Thus, in order to check the validity of and of we pro- 
ceed as in the former examples. In this case, the analogue of the stationary 
equation in (fSO]) reads 

~ Av + dlK{v) + h{v) - f2{v) 3 Q a.e. in I?. (97) 

Hence, by simply testing ((97)) with v (which belongs to K , being a solution 
of ([97]) ) and using the last condition in ([92]) . we get a bound for v in Hl{Q). 
Thus, by the growth condition ([92]) on /i we have a similar bound for the 
growth of Fi . More precisely, there holds 

\Fi{v)\<C{\v\ + \vf'^-^^'^'^-^^) for some OO. (98) 

Thus, since Hl{[2) is continuously embedded in L(2^-2)/('^-2) (/?), by jM]) 
Fi maps bounded sets in Hq{Q) to bounded sets of L^{Q). To conclude that 
the set of the rest points is bounded, it remains to show the boundedness 
of the solutions of the stationary inclusion ([97| . also with respect to the 
F2-part of the metric dx (see (|97| ). But this is simpler, thanks to the linear 
growth of /2 , which entails a quadratic growth for its primitive F2 . 
We thus have the following. 

Proposition 4. Let K be as in (I95|) and the functional <j) he given by (f> = 
^1 ~ "02 withal and 11)2 o,s in (|93p - (|94|) . Then, the solutions of the gradient 
flow equation 

u'{t) + ds{ipi - ^p2){u{t)) 3 for a.e. t in (0, +00) (99) 

generate a generalized semiflow in K which possesses a unique global at- 
tractor. The attractor is also Lyapunov stable. 

Note that, as we have already mentioned, our choice of the phase space 
brings to a more regular attractor, attracting with respect to the W^'^- 
norm (Example 1) and to the i/Q-norm (Examples 2-3), whereas in [40] 
the attraction holds with respect to the L^-metric. Furthermore, our phase 
space keeps track of the constraint imposed on the unknowns. 

5. Applications: long-time behaviour of quasi-stationary 
evolution systems 

General Setup. The functional setting we deal with features a standard 
Hilbert triplet 

V C H = H' C V' , with dense and compact inclusions. (100) 

We denote by •)y the duality pairing between V and V and by 

(•, ■)h the scalar product in H, recalling that y,{u,v)y = (u,v)h VwG 
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H, v €z V. Furthermore, let a : 1^ x — > M be a non-negative, symmetric, 
and continuous bilinear form, and let A : V ^ V' be the continuous linear 
operator associated with a, i.e. 

y,{Au,v)y := a{u,v) yu,v,GV. (101) 

We also consider a proper functional F : H —f [0, +oo] whose sublevels 

{x € -ff : F{x) < s} are strongly compact in H, (102) 

and we denote by by dF : H ^ 2^ the Frechet subdifferential of F in H, 
namely 

e e dF{x) 

^ XeD{F)czH, hminf ZM^ZM^^ll^ > 0. 

Wv-xWh^o \\v-x\\h 

We aim to investigate the long-time behaviour of (a class of solutions of) 
the following evolution system, coupling a diffusion equation with a quasi- 
stationary condition, for which an existence result was obtained in [30|, Sect. 
5]. 

Problem 1. Given T > and uq G H , find a pair u, x '■ (0, T) H, with 
u{t) — x(t) £ ^ for a.e. t e (0,T), which satisfies at a.e. t e (0,T) the system 

' u'{t)+A{u{t)~x{t))^0 inV, 

xit) + dFix{t))3u{t) iniJ, (103) 
u(0) = uo- 

In Section [5.11 we briefly summarize for the reader's convenience the tech- 
niques developed in [30l Sec. 5] for Problem [T] Hence, we distinguish the 
two following cases: 

I. the form a is coercive, i.e., there exists a constant a > such that 

a{u,u)>a\\u\\l. VueV, (104) 
2. a is weakly coercive, namely, there exist X, a\ > s.t. 

) + A||m||1^ > aA||u||y Vwey. (105) 



In fact, whenever a is weakly coercive, for all X > it is possible to find a 
constant > fulfilling p05p . 
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5.1. Existence results for Problem]^ 

5.1.1. The coercive case: existence by a gradient flow approach 

Assume that (jl04l) holds. Then, we endow V with the norm ||f ||y := a(u, v) 
for SiW V & V and A turns out to be an isometry between the spaces V and 
V . Let us introduce the functional : ^ M U {+00} defined by 



(u) := inf ^(m,x), ^(w,x) 



h\\^-x\?H + F{x) iiu,xeH, 
xGH ^ V '/vy ] -i-oo otherwise. 

(106) 



Clearly, D{(j)) ^ H; further, for u E D{(f>) we denote by M{u) the set of the 
elements H attaining the minimum in p06p . i.e. 

M(u):={xGi/:^Kx)=0(w)}. (107) 

Note that M{u) 7^ for all u E H, since F is l.s.c. and has compact 
sublevels. Further, the following formula 



4>{u) = \\\ufH - sup ({u,x)h - (hxlll+Fix) 



(108) 



shows that </> is in fact a concave perturbation of a quadratic functional (cf. 
with ([HD). 

Proposition [5] and Corollary [1] below (which wc recall from jSQl Sec. 5]) 
ensure that Problem [T] may be interpreted as the Cauchy problem 

u'(t) +(9s0(w(t)) 3 a.e. in(0,T), u(0) = wq, (109) 

for the functional cj) in the Hilbert space 

:— V' , endowed with the scalar product 
{u,v)jp -.^ a{A-^u,A'^v) = y,(u,A-^v)y = y,{v,A'\)y yu,v&V'. 

Note that, in this framework, the Frechet and the (strong and weak) limiting 
subdifferentials of (j) have to be considered with respect to the scalar product 
(fTTUD . 

Proposition 5. The functional (j> : Jif [0, +00] defined by (|106p has 

D{(f)) — H, is lower semicontinuous on the Hilbert space (jllOp . and 
complies with (|comp|) and (icONT|l . Moreover, for every u € H, 

X€M{u) ^ x + ^F{x)^u, (111) 

while for every u € D{de(f)) 

^edi(t){u) ^ 3xeM{u): u - x & V, ^^A{u~x), (112) 

and the same result holds for dgcj). 
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Corollary 1 (Gradient flows solve the system). Suppose that ua E H. 
Then, any solution u G H^{0,T; J^) of the Cauchy problem ()109p in the 
Hilbert space (jllOp fulfils 

u e L°°(0, T; H) and there exists x e L°°(0, T; H) with 
ti-x e £2(0,T;1/), x{i)&M{u(t)) for a.e. t e iO,T), (113) 
and the pair (u,x) solves the system (jlOSp . 

In view of the above results, in ^30] the existence of solutions of Problem 
[1] is deduced from the general Theorem [U applied to the Cauchy problem 
(|109P (with the choice (|106p for 0). As a consequence, the following result 
has been obtained (see |30j Thm. 5.8]) 

Theorem 9. In the setting of (jlOOp . (jlOip . (|104p . suppose that F complies 
with (|102p and either with 

V Af > 3 p < 1, 7 > sitc/i t/iai this a priori estimate holds: 

ueV, x^M(u), 1 (114) 

ni l pr^/<- Af ^ ll^xlk' <pP^^lk'+7• 

max(||M||H,F(x)) < M J 

or wit/i 

t/iere exists a Banach space W such that V d W d H 

with continuous inclusions, (115) 
H satisfies the interpolation property {W,V')i/2.2 C H, 
and for every Af > there exists C > such that this a priori estimate holds: 
u-x^V, X& M{u)\ 



iRax{\\u\\„,F{x)) < Af 



\\x\\w<C{l + \\A{u~x)\\v'). (116) 



Then, for every Uq H and T > 0, Problem]^ admits a solution (u, x)j 
wtthue H\0,T; V')nL°°{0,T;H), x e L°°{Q,T;H), u-x e L^(0,T;F), 
fulfilling u(0) = Uq; the system 

{u'{t)+A{u{t)^x{t)) = Q ^nV fora.e.te{0,T), 
\x{t) e M{u{t)) inH Vte(0,T), 

and the energy identity 



a{u{r) -x{r))dr + ^{u{t),x{t)) = .^{u{s),x{s)) VO < s <t <T. 

(118) 

Let us stress that Theorem IH] yields the existence of a special class of solu- 
tions of Problem [1] satisfying in particular the energy identity pi8p . 
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5.1.2. The weakly coercive case: existence by an approximation 
argument In [30, Sec. 5], it has been shown that, in the setting of (jlOOp - 
()102p and (|105p . the same conclusions of Theorem [9] hold. The proof of this 
result is performed by an approximation technique which we briefly recall. 
In fact, this procedure has inspired our approach to the study of the long- 
time behaviour of the solutions of Problem [1] in the weakly coercive case 
(cf. Section r5. 2. 2l later on). 

For any A > we consider the coercive bilinear forms ax{u,v) := 
a{u,v) + X{u,v)h yu,v G V and the related operators A\ : V V . 
Theorem |9] yields the existence of a solution pair (ua,Xa) to the Cauchy 
problem 

u'^{t) + Ax{ux{t) - xx{t)) ^ inV for a.e. i G (0, T), 
Xx{t) e Miuxit)) mH V<e(0,T), (119) 
uxiO) = Mo, 

fulfilling for any T > the energy identity 

/ ax{ux{r) - XA W) dr + .^{ux{t),xx{t)) = ^K(s), xa(s)) 

J S 

yo < s <t <T. 

Then, it is possible to show that the sequences {u\} C H^(0,T;V') n 
L°°{0,T;H) and {xa} C L°°{0,T;H) in fact approximate a solution of 
Problem [H We have the following existence and approximation result (cf. 
[301 Thm. 5.9]). 

Theorem 10. Assume p00)) - p02)) and pOS]) . and let F fulfil either ((TT4)) 
or (I115|) - ()116|) . Let {(ua,Xa)}a be the sequence of solution pairs to ()119|) . 
Then, there exists a subsequence Xk i cis k ^ +oo and a pair (u, x) such 
thatue H^{0,T;V')nL°°{0,T;H), x € L°°(0,T;i/), u-x e L^iO,T;V), 
and the following convergences hold: 

UAfe -> u strongly in C°{[0,T];V'), ^^^^^ 
4> o itAfc — > o M uniformly on [0, T] . 

Moreover, the pair {u, x) fulfils u(0) = Uq, the system (|117p . and the energy 
identity (fTTS]) . 



5.2. Long-time behaviour for general quasi- stationary evolution systems 

This section is devoted to the investigation of the long-time behaviour of 
the solutions of the evolution problem 

u {t) + A{u{t) - x{t)) ^ ^ in V^' for a.e.i e (0,-Foo), 
X{i) + dF{x{t)) 3 u{t) iuH for a.e.t e (0,-|-oo). ''^'^^^ 
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In doing so, we maintain the distinction between the two cases: 1. the form 
a is coercive and 2. the form a is weakly coercive. 

In the coercive case, we shah keep to the abstract gradient flow ap- 
proach of [5D] (cf. Section IS.l.ip , and analyze the long-term behaviour of 
the solutions of (|121[) derived from the related gradient flow equation (|109p . 
We shall refer to such solutions as energy solutions (cf . Definition [5] below) . 
More precisely, by using the abstract results presented in the former Section 
[3l we will show that the set of the energy solutions of ()121|) is a general- 
ized semiflow, which possesses a Lyapunov stable global attractor. On the 
other hand, in the weakly coercive case we shall follow the approximation 
approach outlined in Section 15.1.21 Specifically, we will only consider the 
solutions of (|12ip which are limits of energy solutions of the approximate 
coercive problem ()132[) below. These limiting energy solutions form a weak 
generalized semiflow (in the sense of Section [521), which possesses a weak 
global attractor. 

5.2.1. The coercive case 

Definition 5 (Energy solutions) . We say that a function it e H^{Q,T\V')C\ 
L°°(0, T; iJ) VT > is an energy solution of p2ip in the coercive case if u 
solves the gradient flow equation 



We denote by £ the set of all energy solutions. 

Note that this deflnition focuses on the role of the solution component u, 
rather than on x- In order to study the long-time behaviour of the energy 
solutions of (|121[) , we shall apply our abstract results Theorem |6] and The- 
orem [7] in the framework of the phase space (cf. with ([28|l ) 

X :^ D{(j)) ^ H, with dx{u, v) := y/a{A-\u - v)) + |0(u) - (/)(w)| 

Vu, V ^ H, 

where as usual we have used the notation a(w) :— a{w,w) for w G V. 

As we have recalled in Section [5.1.11 (cf. Proposition [5]) , under the as- 
sumption (|102p the potential cj) in (|122p is lower semicontinuous on and 
complies with ||comp|| and with the coercivity condition ((3T|l (since it takes 
positive values). On the other hand, the chain rule i|chain|| holds true for 
(j> once we assume (|114p or (|115|) - (jll6|) . Hence, Theorem |6] guarantees that 
f is a generalized semiflow. 

In order to apply Theorem [71 we shall check that complies with (|32p 
and with (|34p . with the choice V = X = H, ci. (|5.2.1[) . Preliminarily, we 
need the following lemma (in fact, a direct corollary of Proposition^), which 
sheds light on the set Z{£) of the rest points of the semiflow £. 




(122) 
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Lemma 4. Assume (fT00| - (fT02l) and (fTOi]) . Then, 

Vu e Z{£) = {ueH : ds<j}{u) 9 0} 
3 X e M{u) : A{u-x) = Q. (123) 

Proposition 6. Under the assumptions of Lemma [H suppose further that 
the functional F : H ^ [Q, +oo\ fulfils: 

1. there exist constants ki, K2 > such that for all x G D{F) 

F{x)>^iMl-^2. (124) 

2. and either one of the following 

(a) the proper domain of F 

D{F) is bounded in the metric space {X,dx), (125) 

(b) there exist two constants Li, L2 > such that for all x G D{dF) 

i^,x)H>L,\\x\\H-L2 Vee9F(x). (126) 

Then, the potential (j) in (jl22p satisfies the coercivity condition ([32]) ■ Fur- 
thermore, the set Z{£) of the rest points for £ fulfils 

Z{£) is bounded in {X,dx)- (127) 

Proof. Preliminarily, let us recall the representation formula (jlOSp for 0, and 
let us fix an element x G D{F). Noting that 

sup iy{u,x)H - (^^WxWl + HX))) > ~l\\u\\l - ^llxlll^ - Fix), (128) 

we deduce from (|108p that there exists a constant J3 > 0, only depending 
on the chosen x, such that 

</-(")< J II u|1h + J3 yueH, (129) 

i.e., (j) has at most a quadratic growth. In order to show ([32]) . let us note 
that, by elementary computations and (|124p . there holds 

^11" - Xlll^ + Fix) > ^ll^^lll^ + ^11x111^ - in,x)H + Fix) 

> T^Ml - '^iWxWl + Fix) > T^ll^lll^ - «2 Vx e L'im- 

1 + ZKi 1 + ZKi 

(130) 

Hence, by taking the infimum with respect to x and recalling the definition 
P06p of 0, we deduce that cj) controls the H-norm and ([32]) ensues. 

Now, we have to prove the boundedness of the set Zi£) under either the 
assumption (|125[) or (|126|) . We start by showing that Z{£) C DiF). Indeed, 
let u be an arbitrary element of Zi£). It follows from Lemma|3]and from the 
coercivity of A that there exists x G Af (u) such that x = "t*- In particular, 
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u e M{u) C D{F). Thus, if (fT25l) holds, (fT27|) is trivially proved. Let us 
alternatively assume (fT26l) . From u e M{u) we infer £ dF{u). Then, 
(fT26l) yields \\u\\h < L2/L1 , whence we deduce (fm]) owing to (fT?9|) . □ 

In view of Proposition [SI Lemma [H and Theorem [31 we have the following 

Theorem 11. Let (fT00)) - (fT02| . ([T04| . ([T24| . and eif/ier (fT25)) or ([T26| /loM. 
Further, assume that F complies either with ()114p . or wii/i ()115p - (jll6p . 
Then, the set £ of the energy solutions of the evolution problem ()12ip is 
a generalized semiflow in the phase space X = F>((j)) = H , endowed with 
the metric (|5.2.ip . and £ satisfy the continuity property (C4). Moreover, £ 
possesses a unique global attractor Ag, which is Lyapunov stable. Finally, 
for any trajectory u € £ and all Uoo G ^(u), there holds G dF{uoa)- 

5.2.2. The weakly coercive case In the setting of piin)) - (fTUT|) and (fTU5)l . 

we shall work in the phase space 

X:^D{(j))=H, d'^{u,v) := \\u-v\\v' + \(l){u)-4>{v)\ Vu,weff, (131) 

where is defined by (I122p . Along the lines of the approximation procedure 
outlined in Section [5. 2. 2i for any A > we consider the set £x of the energy 
solutions (cf. Definition [5]) of the approximate problems (cf. with (jll9p ) 

u'^it) + Ax{ux{t) - xx{t)) = inV for a.e. t G (0,+oo), 
Xx{t) e M{ux{t)) iuH Vte(0,+oo). 

Now, we may introduce the class of solutions of (|12ip to which we shall 
restrict our investigation. 

Definition 6 (Limiting energy solutions.). We say that a function u G 
H'^iO, T; V) n L°°(0, T; H) for aU T > is a limiting energy solution to the 
evolution problem (jl2ip in the weakly coercive case, if u fulfils the system 
(|117p a.e. on (0, +00), the energy identity IjllSp for all < s < < < +00, and 
there exists a sequence {Xk}, J, as A; t +00, and a sequence maj. G £xk 
for all k, such that 

u in A" locally uniformly on [0, +00). (133) 
We denote by £ the set of all limiting energy solutions. 

Once again, in this definition we only focus on the role of the variable u. In 
fact, as it will be clear from the sequel, for any u G £ there exists a function 
X G i°°(0, T; H) for aU T > such that m - x G i^(0, T; V) for aU T > 
and pi7p . (|118p hold on [0, +00), cf. the proof of Proposition [7l Of course. 
Definition [5| has been inspired by the existence Theorem 1101 ensuring that 
the set £ is non-empty and indeed complies with the axiom (HI) of the 
definition of a generalized semiflow. In the forthcoming Propositions [3 [5] 
we shall get further insight into the semiflow properties of £. 
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Proposition 7. Assume (fT00| - (fT02l) and (fTOSll . and let F fulfil either (fTTill 
or (jll5p - ()116|) . Then, £ is a weak generalized semiflow complying with 
(C4), and its elements are continuous functions on [0,+oo). 

Proof. Axiom (H2) can be trivially checked. The elements of £ are continu- 
ous on [0, +00) since u E C''\[0,T];V') for all T > and the energy identity 
(|118p ensures that (j> o u is locally absolutely continuous on [0, +00). 

In order to verify (C4) (which obviously yields (H4)), let us fix a se- 
quence {un} C £ such that m„(0) uq in X, i.e. u„(0) uq in V' and 
0(u„(O)) — + (j){uo). We aim to show that there exists u £ £ such that, up to 
a subsequence, 

w„ converges to m in X locally uniformly on [0, -l-oo). (134) 

To this purpose, we note that, by definition of £, for all n there exists a 
sequence {u^/ jfc C £\^^ such that k ^ +00 locally uniformly 

on [0, +00). In particular, we can choose some increasing sequence {A^^} 
(in short: {A„}) in such a way that 

sup d^(u„(i),u^(t)) < -. (135) 

Whence, in particular, u^j* (0) uq in X. Thus we have that 0(m^"(O)) < C 
for a constant independent of n S N. The energy identity (|5.1.2p for the pair 
("n";Xn") reads on the interval [0,n]: 

J' aA„ {ut (r) - x'" (r)) dr -f ^(^^^ (t), x^ (t)) = ^(^/^ (s), x^ («)) 

(136) 

for aU < s < i < n. Using that =^(u^",X^") > - X^"IIh, that the 

sublevels of F are bounded in H and the first of ([132]), we deduce the a 
priori estimates 

\Wn"\\m{a,7i:V') + - X^rlU2(0,n;l^)nL°=(0,ri;H) + II Xn" II L°= (0,n;ff) < C* 

for a constant independent of rt G N. Thus, suitable compactness results and 
a diagonal argument yield that there exist subsequences {un"^ } and {xn"^ } 
(we will use the short-hand notation {Aj}, {uj}, and {xj})j ^-nd a pair of 
functions (u,x*), with u e H^{{),T-V') ^ L°"{'^,T\H), x* e -/-°°(0,T;F) 
and u — X* G ^^(0, T; V^) for all T > 0, for which the following convergences 
hold as j '\ 00: 

Uj^*u in H\0,T;V')nL°°{0,T;H), 

uj^u in C°([0,T];y'), VT > 0, 
Uj{t) u{t) in H for any t E (0, -l-oo), (137) 
Xj-^*X* inL°-(0,T;i?) 
and Uj -Xj -^u~x* in ^^(0, T;V) VT > 0. 
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Note that the pointwise weak convergence of Uj foUows from the generahzed 
AscoU theorem [SHJ Cor. 4]. In particular, u(0) = uq. Hence, {u,x*) fulfils 

u'{t)+A{u{t)-x*it)) = and x* W e co{M{u{t))) for a.e. t G (0, +oo). 

Moreover, taking the limsup as j | +oo of the energy identity l|136p with 
s = 0, we get for all T > 

a{u{r) - x*{r)) dr + (j){u{t)) 
< limsup / axj {uj{r) ~ Xj{r)) dr + 4>{uj{t)) < (j){uo) 

(138) 

= (j){u{t)) + limsup / a\j {u{r) — X*{r)) dr 
jT+oo Jo 

= + / a{u{r) - x*ir)) dr 

Jo 

Vt G [0,r]. Indeed, in (|138p we have used that, thanks to either (|114p or 
to (fTT5l) - (fTT6l) . for any T > the map o -u e AC{0, T), and that, for any 
fixed j E N, the following chain rule holds: 

^((/)om) = {u',u-x*) = {Ax,{u-x*),u-X*) = ax,{u-x*) a.e. in (0,T), 

see also the proof of [30l Thm. 5.9]. Finally, the last passage in p38p follows 
from the trivial convergence Xj{uj — Xj) ^ in L^{0,T; H) as j t oo. 
Thanks to the lower semicontinuity argument also exploited in the final 
part of the proof of Theorem [51 we easily infer from p38p that for all T > 

Aiu, - Xj) ^ A{u - X*) strongly in L\0,T; V), 

(l^iujit)) -> Vi e [0,T]. (139) 

By a careful measurable selection argument, detailed in the proof of [30l 
Thm. 5. 9], it is possible to show that there exists a function x G L°°{0, T; H) 
fulfilling 

x{t)EM{u{t)) vte(o,r), «-xei'(o,r;V^), (140) 

A{u{t) - x-*{t)) = A{u{t) - x{t)) fora.e. (0,T). (141) 

Being T arbitrary, we conclude that the pair (u, x) fulfils (|117p a.e. on 
(0,+oo). Furthermore, from the energy identities (|136[) and (|138|) we infer 
for alH > 

\c^{u,{t)) - c^{u{t))\ 

< |0(u,(O)) - ^(uo)| + / \\\Aiu,{s) - x,m\v' - - Ximl'\ds 

Jo 

< |0(uj(O)) - 0(uo)| + {\\A{uj - Xj)\\l^o,uv') 

+ \\A{u - x)\\LHo.t-v')) \\A{uj - Xj) - A{u - x)\\L^{o,t-v')- 
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Hence, in view of (|135p and of (|5.2.2p . we easily conclude (cf. ([5T|l ). that 
4>iuj) — > locally uniformly on [0, +00). Combining the latter conver- 
gence with the first of (|137p , we find that 

Uj ^ u in X locally uniformly on [0, +00). (142) 

Finally, owing to (|5.2.2p - p42p . we pass to the limit in the energy identity 
(I136p . and we deduce that the pair fulfils the energy identity (jllSp 

for all < s < i < +00. By the previous construction, u is approximated in 
the sense of (|133p . whence u £ £. 

In the end, one directly checks that, for all T < +00 and nj > T, 

sup d'^{u{t),Un,{t)) < sup d'^{u{t),Uj{t)) + sup d'i^{uj{t),Un^{t)) 

te[o,T] te[o,T] te[o,T] 

< sup d^{u{t),uj{t)) + —, 
te[o,T] rij 

also in view of (|135p . Owing to p42p . we conclude the convergence (|134p . 
and (C4) ensues. n 

Proposition 8. Under the same hypotheses of Proposition [71 assume fur- 
ther that F complies with (|124p . Then, £ is compact and eventually bounded. 

Proof. Let us point out that, by Definition [51 the limiting energy solutions 
of Problem [T] comply with the energy identity (jllSp just like the energy 
solutions deriving from the gradient fiow equation (jl22p . Thus, the eventu- 
ally boundedness of £ follows exactly by the same argument developed in 
the proof of our abstract Theorem [71 (cf. ([52 ]) - ([53]) ). since assumption ()124p 
provides the sufficient coercivity (cf. the proof of Proposition [6]). 

In order to prove that £ is compact, we fix a sequence Un £ £ such 
that u„(0) is bounded in X. The same computations as in the proof of 
Proposition[71 yield that there exists an increasing sequence {A„} and ua„ € 
£a„ for which (|135p holds. In particular, note that {u^" (0)} is bounded in X . 
Hence, again exploiting the energy identity (|136p for the pair (u^" , x^" ), we 
infer that there exists a subsequence (which we do not relabel) and a limit 
pair (u, x) for which the convergences (jl37p hold true on (0, -l-cxj). However, 
since in this case wc cannot conclude anymore that {u^"(0)} converges, we 
cannot exploit the proof of Proposition [71 in order to conclude that u^" 
converges to u locally uniformly on [0, +00). Instead, we will argue in the 
same way as in the proof of the compactness property in Theorem [71 Let 
us sketch this procedure. First, the energy identity (|5.1.2p yields that the 
map t (j){u^"'{t)) is non-increasing. By Helly's Theorem, for alH > the 
function (p{t) := hm„|+oo 0(w^l" (0) is well-defined. Moreover, (|5.1.2p and 
Fatou's Lemma entail that 

liminfP(^i^(^)-x^(^))|Py, 

nj+oo 

+ SUP Q||^^^(^) - Xn"it)\\H + FiXnHt))) < +^ 
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(where Xn" € M{u^")) for almost every t > 0. Also using the compactness 
of the sublevels of F p02p , one easily infers that for almost any t > there 
exist a subsequence j t-^ Uj, possibly depending on and a pair x{t)) 
for which (using short-hand notation) Xj{^) ^ x(^) ^-i^d Uj{t) — Xj{^) ~* 
u{t) — x(t) strongly in H. Thus, Uj{t) — > u{t) in iJ, whence necessarily 
u{t) = uit) for a.e. t £ (0, T) thanks to (fm]) . Finally, it is not difficult to 
check that x{t) £ M{u{t)), and that 

lim 0(Mj(t)) = (j){u{t)) for a.e.te (0,T), 

cf. with ([55]) . Arguing as in ([55]) . we finally deduce that (/^(t) — (j){u{t)) for 
a.e. t e (0, +oo). Thus, exactly as in the proof of Theorem[7]we may pass 
to the limit in ()5.1.2|) for alH > and for a.e. s S (0, t) for which Lp{s) — 
(/)(m(s)). We can now develop the same energy identity argument of 1)138^ - 
(|5.2.2|) (of course replacing uq with u{s)), and we deduce (j){uj{t)) — > <p{u{t)) 
yt > 0. Then, exploiting (|135p . we complete the proof of the compactness 
property. n 

Long-time behaviour of the limiting energy solutions. We shall prove 
that the weak generalized semiflow £ of the limiting energy solutions of (|12ip 
possesses a weak global attractor in the particular case (which is however 
meaningful in view of the applications): 

V = H\f2), H = L^{n), 

i/i(r2)'(^«:«)ffi(r2) =^^AiVwV« Vu, « e i?i(/2). (143) 

Here, Ai : ^rnxm Held of symmetric matrices, with bounded and 
measurable coefficients, satisfying the usual uniform ellipticity condition 

Aiix)r] ■ Tj > p > Vx e i7, 7] e M", |77| = 1. (144) 

Let us point out that, according to Definition [6] and to (|143p . any limiting 
energy solution u of (|12ip fulfils the system 

u'{t) - div Ai V('u(i) - x(t)) = in i7 x (0, +oo), 
X{t) e M{u{t)) in X (0, +oo), (145) 
AiV(u - x) • " = indn X (0, +oo). 

Note that m is a conserved parameter. Indeed, taking the integral in space 
of the first equation in (|145p . one finds that the map t i— > J^u{t) is con- 
stant along the evolution. This in particular implies that the semiflow cor- 
responding to the limiting energy solutions of (|145p is not point dissipative. 
In other words, the set of stationary solutions of (|145p is unbounded in 
H^{f2y. Eventually, no global attractor in the phase space X — H^{Q)' 
is to be expected (this kind of difficulty is well-known and is, for instance, 
discussed in [391 Chapter 3] in connection with the long-time analysis of the 
Cahn-Hilliard equation). Hence, we shall consider some modification of the 
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phase space by fixing explicit bounds on the conserved quantity J^^ u. To 
this aim, we use the notation 

"^(w) := |^//i(r2)'(">l>//i(r2)> V{m.) := {u e H^{Q)' : m(u) < to} , 

(146) 

for given u G H^{Q)' and to > (here \Q\ stands for the volume of J7). 

Note that the energy identity (|118p suggests that another choice for the 
invariant region V could be, for a given positive > 0, 

V^^{v^X:4>{v)<C^}. (147) 

In the next Theorem, we apply the abstract results of Theorem [5] to the 
set £ of the limiting energy solutions of (|145p . Although we give the proof 
in the case in which T> is as in (|146p . the same results hold also when we 
choose V in (fT47)) . 

Theorem 12. In the setting of (|143p . let F comply with (|102p and either 
with (|114|) or with (|115|) - (|116p . Further, suppose that 

D{dF) IS bounded in L^{Q). (148) 

Then, for any to > the set £ of the limiting energy solutions of (|145p 
admits the weak global attractor in the set V^ffi). Moreover, for any 
trajectory u G 7+(I?(to)) and for any Uao G uj{u) there exists Xoo G M{uao) 
such that 

- div AiV(moo - Xoo) = m ]7, 
< Xoo e A/(woo) in n (149) 
AiV(woo ~ Xoo) ■ n — Q in dfl. 

Note that the assumptions and (fT^ - P^ of Theorem [TT] have been 

replaced by the stronger coercivity condition (|148p . 

Proof. Preliminarily, it is easy to see that assumption (|124p in Proposition[5] 
may be replaced by (|148p . Then, relying on Propositions [3 [S] we conclude 
that the weak generalized semiflow £ is eventually bounded and compact. 
Furthermore, since any u ^ £ complies with the energy identity ()118p and 
with ()117p . we have that is a Lyapunov function for £, in fact arguing as 
in the proof of Theorem[7l Then, in view of Theorem[5]it is sufhcient to see 
that for any m > the set I?(to) complies with conditions (PS)1 - (P7)1 . 

As already observed, for any trajectory u starting from the set ^{rh) we 
have m{u'{t)) = for a.e. t € (0, +oo). Thus, the invariance condition (|26p 
ensues. In order to check (|27l) . let us fix u G Z{£) n 'D{fh). RecalHng (|145p . 
we easily see that there exists x € M{u) such that the pair (m, x) fulfils the 
system ()149p . In particular, x G D{dF), so by (|148p there exists a constant 
f > such that |to(x)| < r. Thus, |to(?2 — x)| < TO + f. Combining this with 
the first of (|149p and with Poincare's inequality, we infer that there exists 
a positive constant C independent of u and x such that ||w — xll ^ ^■ 
Since x is bounded in L^(i7) by p48p . we conclude that u is bounded in 
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i^(i7). Thus, the set Z{£) n I?(to) is bounded in the phase space (|13ip . as 
(j) is controlled by the norm on L^{f2), cf. the growth estimate (|129p . 

Therefore, the existence of a weak attractor Aj in the set Z{£) n Vim) 
is established, and p49p follows from the last part of the statement of 
Theorem [5l n 



5.2.3. Approximation of the weak global attractor In this section 
we discuss the approximation of the weak global attractor of the limiting 
energy solutions with the global attractor of the weal generalized semiflow 
8\, generated by the solutions of the approximating scheme (|132p . We shall 
denote by the subset X C]!)^ of the phase space X = D{(p), endowed 
with the distance dx (|5.2.ip . For any A > 0, let A\ be the global attractor 
of the generalized semiflow £x in the phase space (X^, dx), whose existence 
is ensured by Theorem [TT] Further, let Aj be the weak global attractor 
of the set £ of the limiting energy solutions of (|145p in the phase space 
p3ip . Finally, we denote by the Hausdorff semidistance (or 
excess) associated with the distance d^. We have the following 

Theorem 13. In the setting of (|143p . let F comply with (|102p and either 
with (dm), or with pl^ - PTB|) . Further, assume (fI15)l . Then, 

Hm e4,{Ax,Aj) = 0. (150) 

Proof. In order to prove (jl50p we argue by contradiction along the lines of 
Hale & Raugel, cf. [21]. Assume that (|150p does not hold: then, we can 
find ro > and sequences {A„}„gpf and {^n}„gpj such that A„ | and for 
all n e N 

f„e^A„, inf d^(^„,C)>ro. (151) 

Now, the invariance of A\^ (but actually the sole quasi-invariance would be 
sufficient, see the proof of Theorem U) entails that there exists a complete 
orbit Un with m„(0) = ^„ and u„(t) € A\^ for all t S M. It is not difficult to 
see that this orbit is bounded independently of A„ with respect to d^. In 
fact, the energy identity (recall that u„ is in particular an energy solution), 
P47p and the translation invariance of the complete orbit u„ entail that 

/ |<(s)pds + 0(w„(T)) < Vr>0. (152) 

The proof of Theorem [TO] in [3D] (see also Propositions [7] and [5]) shows that 
this estimate is sufficient to pass to the limit as A„ 10, obtaining in the limit 
a complete and bounded orbit u of the set £ of the limiting energy solutions 
to (|12ip . In particular, there holds <^„ = u„(0) m(0) in X. Now, since by 
([M]) the weak global attractor is generated by the complete and bounded 
orbits of 5, we conclude that u(0) G Aj. This leads to contradiction with 
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5.2.4. Applications to quasi-stationary phase field models Let us 

consider the following quasi-stationary system, which generalizes the quasi- 
stationary phase field model (cf. system (l4])-([5])): 

JatM - divAiV(M - x) = 0, ■ n fn , ^ n rcoN 

< m s2 X (0, +oo). (153) 

\-divA2Vx + 9>V(x) 9 u, 

Here, A2 : SI ^ '^rnxm Held of symmetric matrices, with bounded and 
measurable coefficients, satisfying the uniform ellipticity condition p44p . On 
the other hand, W is either an arbitrary real function with superlinear 
growth (in this case dF reduces to W"), or a semi-convex function valued 
in M U {-l-oo}. Meaningful examples of W are: 

:= \ ' ' (154) 
:=/[_ia](x) + (l-x)'; (155) 

W{x) ■■= ci ((1 + x) ln(l + X) + (1 - X) ln(l - x)) - C2x' + C3X + C4, 

(156) 

with ci, C2 > and 03,04 G M (see e.g. [HI 4.4, p.l70] for P3^ . [7], gT] for 
(|155p ). The symbol I[-i.i] denotes the indicator function of [—1, 1], which 
forces the constraint — 1 < x ^ 1- In the sequel, we shall employ the notation 
DiW) := (x e L^Q) : W{x) e L\f2)} . 

In [301 Sec. 5], existence results have been obtained for some initial 
boundary-value problems for (jl53p on a finite time interval. Specifically, 
(|153p has been supplemented with the natural homogeneous Neumann bound- 
ary condition on x, and with homogeneous, either Dirichlet or Neumann, 
boundary conditions on u — x, and the existence results of |27| and of [32j 
have been respectively recovered. Here, we shall focus on the long-time be- 
haviour of (jl53p . supplemented with both kinds of boundary conditions. In 
fact, we shall apply the abstract results of Sections 15.2.11 [S^2.2I to suitable 
families of solutions of the related boundary value problems. 
Attractor for the quasi-stationary phase field model with Dirichlet- 
Neumann boundary conditions. We supplement (|153[) with the bound- 
ary conditions 

u-x = 0, A2Vx-n = in ai7 X (0,+c»). (157) 

Note that the system (I153p . (|157p may be reformulated as the abstract 
evolution system with the choices V ~ H^iS2), H := L'^{Q), V := 

H-^{n), A := -div(AiV-), and with F : L'^{[2) [0, +cx)] given by 

iA2(x)Vx(x) • Vx(x) -I- >V(x(x))^ dx X e hHq) n Z?(W), 

(158) 



+00 otherwise. 
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As A is coercive on V, we will focus on the energy solutions of (|153p - 
(jl57p . They stem from the gradient flow equation (|122p . in the space = 
H~^{n), for the functional (j) : H^^{fi) {-oo, +00] 

finf^effi(x,){ / l\uix)-xix)\' + Fix)}, 

'^(")- for ueL^m ^'''^ 
[ +00 otherwise, 

with W as in (|154p - (|156[) . for instance. Hence, let us check that the assump- 
tions of Theorem [11] are fulfilled within this framework. Since the matrix 
field A2 is uniformly elliptic, F has strongly compact sublevels in L'^{fl) 
for all the examples (I154p - p56p . Concerning condition (|124l) . it is sufficient 
to show that there exist constants ki, K2 > such that J^^ (W'(x(a^)) — 
Ki\x{x)\^')dx > — K2, which is satisfied in all cases (|154p - p56p . Also note 
that F comphes with ([TT5]) - PH1) (with the choice W = H^{^2))- Instead, 
the validity of (|125p (or (|126p ) depends on the particular choice of the po- 
tential W. More precisely, if we choose the singular potentials (|155p or (|156p . 
then (|125p is easily satisfied, since the domain of F fulfils 

D{F) C H'^{Q) n {w e L^{Q) : -1 < v{x) < 1, for a.e. x e Q} (160) 

(the two sets coincide if we choose the potential W in (|155p ). Thus, D{F) 
is clearly bounded in L^{fl). On the other hand, it is not difficult to control 
that the usual double well potential (I154p complies with ()126p . Eventually, 
we conclude that the set of the energy solutions of (|153p , (|157p is a general- 
ized semiflow. Such a semiflow possesses a Lyapunov stable global attractor 
in the phase space -D(0) = L^{f2), endowed with the distance defined by 
the functional (I159p . 

Attractor for the quasi-stationary phase field model vifith Robin- 
Neumann boundary conditions. We supplement (|153p with the condi- 
tions 

AiV(u- x) • " + w(u- x) = 0, A2Vx-n = in 9/2 x (0, +00), (161) 
where u; > 0. This problem may be recast in the form (|12ip by setting 

y,{Au,v)y / Ai{x)'S/ {u{x)) ■ \i'v{x)dx + u! / u{s)v{s)ds, 
J n Jon 

and choosing F as in (|158p . Since A is coercive on H^{f2), we may again 
consider the energy solutions of (|153p , (|16ip in the sense of Definition [5l 
In this setting, the ambient space is {H^{Q))\ with cf) defined by (|159p . 
Hence, we may argue exactly in the same way as for the Dirichlet-Neumann 
problem, with the sole difference that now F complies with (|114l) . Therefore, 
Theorem [TT] applies and we conclude the existence of a global attractor 
for the semiflow of the energy solutions of (|153p . ()16ip . This gradient flow 
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approach could also be extended to tackle more general boundary conditions 
on M — X, such as homogeneous Dirichlet (or Robin) on a portion of dfl, 
and non- homogeneous Neumann on the remaining part. 
Attractor for the quasi-stationary phase field model with Neumann- 
Neumann boundary conditions. We supplement the system ()153|) with 
the boundary conditions 

AiV(u-x) -n = 0, A2Vx-n = in 9/? x (0, +c»). (162) 

Problem (|153p . (|162p can be rephrased in the form of Problem ll21l bv setting 

V:^H^{f2), H:^L^{{2), y,{Au,v)y -.^ [ Ai{x)\/{u{x)) ■ \/v{x)dx, 

(163) 

and F as in (I158p . Note that A is only weakly coercive on H^{Q). Following 
the outline of Section I5.2.2( we shall focus on the long-time behaviour of 
the set Sncu of the hmiting energy solutions of (|153p . (|162p . Let us check 
the conditions of Theorem [121 First, note that F satisfies (I115p - (jll6p . with 
W = H^{fl), for the potential W as in (fT54| - (fT56l) . On the other hand, 
in view of (|160p . condition (|148p holds true only in the cases of (|155p - 
(jl56p . Arguing as for the Dirichlet-Neumann and Robin- Neumann cases, it 
is not difhcult to see that F complies with the remaining assumptions of 
Theorem ll2l Thus, we conclude that for all m > £nou admits a unique weak 
global attractor A-g in the set ^{m), and that (|149p holds for a;— limit 
points of the trajectories. Finally, referring to the notation of Section fS. 2. 31 
(with (/> defined by ()159p ). we have that the sequence {^a} of the global 
attractors of the solutions of the approximate problems p32p converges to 
the weak global attractor Ag in the sense that limAj^o Sct){A\,A-^ ) = 0. 
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